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1. Ýëåìåíòàðíûå ôóíêöèè è èõ ãðàôèêè

1.1. Ïîñòðîèòü ãðàôèêè îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, óêàçàòü
èõ îáëàñòè îïðåäåëåíèÿ:

y=x, y=x2, y=
√
x, y=ax, y=loga x, (0<a<1, a>1), y=sinx, y=cosx,

y=tg x, y=arcsinx, y=arccosx, y=arctg x, y=arcctg x.

Íàéòè îáëàñòü îïðåäåëåíèÿ D êàæäîé èç ñëåäóþùèõ ôóíêöèé:
1.2. y=

√
4−x2. 1.3. y=arccos (1−2x).

1.4. y=ln
x−2

x+1
. 1.5. y=logx+1 (7−x).

1.6. y=2
√

arcsin (1−x). 1.7. y=
√

ln (x2−3).

Ñëåäóþùèå ýëåìåíòàðíûå ôóíêöèè çàïèñàòü â âèäå êîìïîçèöèè îñíîâ-
íûõ ýëåìåíòàðíûõ ôóíêöèé:

1.8. y=
√
sinx2. 1.9. y=sin2 lnx.

1.10. y=ln cos 3
√
sinx. 1.11. y=2arctg ln sin x.

Èñïîëüçóÿ ãðàôèê ôóíêöèè y=x2, ïîñòðîèòü ãðàôèêè ôóíêöèé:
1.12. y=2x2+1. 1.13. y=(x−1)2−1.

Ñ ïîìîùüþ ãðàôè÷åñêîãî ñëîæåíèÿ è âû÷èòàíèÿ ïîñòðîèòü ãðàôèêè
ôóíêöèé:

1.14. y=x3+2x. 1.15. y=x−sinx.
1.16. Ïîñòðîèòü ãðàôèê ïðîèçâåäåíèÿ ôóíêöèé y=x ·sinx.
Ïîñòðîèòü ãðàôèêè ñëåäóþùèõ ýëåìåíòàðíûõ ôóíêöèé:
1.17. y= |2−x|+ |2+x|. 1.18. y= |x2+2x|−3.

1.19. y=sgnx=

 1, x>0,
0, x=0,

−1, x<0.
1.20. y=[x], ãäå [x] � öåëàÿ ÷àñòü x, êîòîðàÿ îïðåäåëÿåòñÿ êàê íàè-

áîëüøåå öåëîå ÷èñëî, íå ïðåâîñõîäÿùåå äàííîå ÷èñëî x.
1.21. y={x}, ãäå {x}=x− [x] � äðîáíàÿ ÷àñòü x.
1.22. y=2|x+1|+2.

2. Ïðåäåë ÷èñëîâîé ïîñëåäîâàòåëüíîñòè

Íàïèñàòü ïåðâûå ïÿòü ÷ëåíîâ ïîñëåäîâàòåëüíîñòè:

2.1. un=1+(−1)n
1

n
. 2.2. un=

3n+5

2n−3
.

Íàïèñàòü ôîðìóëó îáùåãî ÷ëåíà ïîñëåäîâàòåëüíîñòè:

2.3. 2,
4

3
,
6

5
,
8

7
, . . . . 2.4. 1, 0,−3, 0, 5, 0,−7, 0, . . . .
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2.5. Äîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü un=
n

4n−3
ìîíîòîííî óáû-

âàåò è îãðàíè÷åíà.

2.6. Äîêàçàòü, ÷òî ïîñëåäîâàòåëüíîñòü un=
n

n+1
ìîíîòîííî âîçðàñ-

òàåò è îãðàíè÷åíà.

Íàéòè íàèáîëüøèé (íàèìåíüøèé) ÷ëåí îãðàíè÷åííîé ñâåðõó (ñíèçó)
ïîñëåäîâàòåëüíîñòè (un)n∈N:

2.7. un=3n2−10n−14. 2.8. un= n
√
n.

Íàéòè a= lim
n→∞

un è îïðåäåëèòü íîìåð N(ε) òàêîé, ÷òî |un−a|<ε ïðè
âñåõ n>N(ε), åñëè:

2.9. un=

√
n2+1

n
, ε=0, 005.

2.10. un=
5n2+1

7n2−3
, ε=0, 005.

Âû÷èñëèòü ïðåäåëû:

2.11. lim
n→∞

5n+1

3−2n
. 2.12. lim

n→∞

4n2−5n+2

2n2+3
.

2.13. lim
n→∞

3n2+1

3+n3
. 2.14. lim

n→∞

(
2n+1

5n−1
− 2n2+n

5n2−2

)
.

2.15. lim
n→∞

(
√
2n+1−

√
2n). 2.16. lim

n→∞
n(
√
n2+6−

√
n2+2).

2.17. lim
n→∞

(n+1)!−n!
n!(2n+1)

. 2.18. lim
n→∞

(n+2)!−n!
(3n2+1)n!−(n−1)!

.

2.19. lim
n→∞

(n−1)!−3(n+1)!

(n+2)n!−(n−1)!
. 2.20. lim

n→∞

4(n+1)!−1

(2n+5)n!
.

2.21. lim
n→∞

2n−3n

2n+3n
. 2.22. lim

n→∞

3n−1+5n+1

3n+5n−1
.

2.23. lim
n→∞

7n+2+1

5 ·7n+3n+1
. 2.24. lim

n→∞

2n−1−3 ·5n

1+5n−1
.

2.25. lim
n→∞

(
1

n2
+

2

n2
+ . . .+

n−1

n2

)
.

2.26. lim
n→∞

(
4

2n2+1
+

7

2n2+1
+ . . .+

3n+1

2n2+1

)
.

2.27. lim
n→∞

12+22+ . . .+n2

n3
.

2.28. lim
n→∞

(
1

1 ·2
+

1

2 ·3
+ . . .+

1

n(n+1)

)
.

2.29. lim
n→∞

(
1

1 ·3
+

1

3 ·5
+ . . .+

1

(2n−1)(2n+1)

)
.
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2.30. lim
n→∞

(
1

5
− 1

25
+ . . .+(−1)n−1 1

5n

)
.

2.31. lim
n→∞

(
1

2
+

1

4
+ . . .+

1

2n

)
.

2.32. Äîêàçàòü, ÷òî åñëè ïîñëåäîâàòåëüíîñòü (un)n∈N áåñêîíå÷íî ìà-

ëàÿ è ∀n∈N (un ̸=0), òî ïîñëåäîâàòåëüíîñòü

(
1

un

)
n∈N

áåñêîíå÷íî áîëüøàÿ.

3. Ïðåäåë ôóíêöèè

Èñïîëüçóÿ ëîãè÷åñêóþ ñèìâîëèêó, çàïèñàòü ñëåäóþùèå óòâåðæäåíèÿ:
3.1. lim

x→0
f(x)=∞. 3.2. lim

x→1−0
f(x)=−∞.

3.3. lim
x→a+0

f(x)=b. 3.4. lim
x→+∞

f(x)=+∞.

3.5. lim
x→−∞

f(x)=1. 3.6. lim
x→−∞

f(x)=+∞.

3.7. lim
x→3+0

f(x)=2. 3.8. lim
x→∞

f(x)=−∞.

Âû÷èñëèòü ïðåäåëû:

3.9. lim
x→0

x2+x+3

2x2+2
. 3.10. lim

x→1

3x+1

2x
.

3.11. lim
x→∞

3x3+2x−3

4−x3
. 3.12. lim

x→∞

2x2+5

4x2+3x
.

3.13. lim
x→∞

5x4+x2−6

x2+3x−1
. 3.14. lim

x→∞

x2+3x

x+6
.

3.15. lim
x→∞

x2+6x

1−x3
. 3.16. lim

x→∞

3x+5

x2−4
.

3.17. lim
x→+∞

√
4x2−1

x+3
. 3.18. lim

x→−∞

√
4x2−1

x+3
.

3.19. lim
x→∞

√
x4+6

2x2+x
. 3.20. lim

x→−∞

√
4x2+x+2

3x+5
.

3.21. lim
x→∞

(
x3

2x2−1
− x2

2x+1

)
. 3.22. lim

x→∞

(
2x2

x−1
− 2x3

x2+1

)
.

3.23. lim
x→+∞

√
6x√

2x+
√
2x+

√
2x

.

Âû÷èñëèòü ïðåäåëû:

3.24. lim
x→1

x2−3x+2

x2−1
. 3.25. lim

x→−2

x2−4

x2+x−2
.

3.26. lim
x→2

x2−4x+4

x3−3x2+2x
. 3.27. lim

x→−1

x2−3x−4

x2+2x+1
.
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3.28. lim
x→10

√
x−1−3

x−10
. 3.29. lim

x→2

√
x+2−

√
2x√

2x−1−
√
5−x

.

3.30. lim
x→0

√
x2+4−2√
x2+9−3

. 3.31. lim
x→3

√
2x−2−

√
7−x√

3x−8−
√
x−2

.

3.32. lim
x→1

√
x+

√
x−1−1√

x2−1
. 3.33. lim

x→0

√
2+x−

√
2−x

3
√
2+x− 3

√
2−x

.

3.34. lim
x→+∞

(√
x+
√
x+

√
x−

√
x

)
.

3.35. lim
x→+∞

(√
4x2−7x+4−2x

)
.

Èñïîëüçóÿ ïåðâûé çàìå÷àòåëüíûé ïðåäåë, âû÷èñëèòü:

3.36. lim
x→0

sin 3x

5x
. 3.37. lim

x→0

x arcsin 6x

sinx arctg 2x
.

3.38. lim
x→0

sin 2x sin 5x

sin 3x tg x
. 3.39. lim

x→0

arcsin2 3x

x tg 2x
.

3.40. lim
x→π

sin 7x

tg 3x
. 3.41. lim

x→0

1−cos 4x

x2
.

3.42. lim
x→0

cos 3x−cosx

x2
. 3.43. lim

x→0

(
1

sinx
−ctg x

)
.

3.44. lim
x→π

4

√
2−2 cosx

π−4x
. 3.45. lim

x→π
2

(π
2
−x
)
tg x.

Èñïîëüçóÿ âòîðîé çàìå÷àòåëüíûé ïðåäåë, âû÷èñëèòü

3.46. lim
x→∞

(
x+3

x−2

)2x+1

. 3.47. lim
x→∞

(
2x2+1

2x2−2

)6x2+1

.

3.48. lim
x→1

(2x−1)
1

x2−1 . 3.49. lim
x→2

(3−x)
6

2x−4 .

3.50. lim
x→0

(cosx)
1
x2 . 3.51. lim

x→0

(
1+tg2

√
x
) 3

x .

3.52. lim
x→+∞

x(ln(2+x)− lnx).

3.53. lim
x→−∞

(3x+1)(ln(3−2x)− ln(1−2x)).

3.54. lim
x→1

ln(2x+1)− ln(x+2)

x2−1
. 3.55. lim

x→−2

ln(4+x)− ln(6+2x)

x+2
.

Äîêàçàòü ñëåäóþùèå ñîîòíîøåíèÿ:

3.56. lim
x→0

loga(1+x)

x
=loga e. 3.57. lim

x→0

ax−1

x
=ln a.

Âû÷èñëèòü ïðåäåëû:

3.58. lim
x→1

ax−a
x−1

. 3.59. lim
x→0

eax−ebx

x
.
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Íàéòè îäíîñòîðîííèå ïðåäåëû:

3.60. lim
x→3±0

x−3

|x−3|
. 3.61. lim

x→2±0

2+x

4−x2
.

3.62. lim
x→2±0

7
1

2−x . 3.63. lim
x→±∞

arctg x.

3.64. lim
x→±∞

√
x2+1

x−1
. 3.65. lim

x→±0
(2+x)

1
x .

4. Íåïðåðûâíîñòü ôóíêöèè. Òî÷êè ðàçðûâà è èõ êëàññèôèêàöèÿ

Äîêàçàòü, ÷òî ñëåäóþùèå ôóíêöèè íåïðåðûâíû â êàæäîé òî÷êå èõ
åñòåñòâåííîé îáëàñòè îïðåäåëåíèÿ:

4.1. f(x)=x3. 4.2. f(x)=sinx.

4.3. f(x)=ex. 4.4. f(x)=lnx.
Çàäàíà ôóíêöèÿ f(x). Ïðè êàêîì âûáîðå ïàðàìåòðîâ, âõîäÿùèõ â åå

îïðåäåëåíèå, f(x) áóäåò íåïðåðûâíîé?

4.5. f(x)=

{
x−1, x61,
ax2−2, x>1.

4.6. f(x)=

 ax+1, x6 π

2
,

sinx+b, x>
π

2
.

Íàéòè òî÷êè ðàçðûâà ôóíêöèè, èññëåäîâàòü èõ õàðàêòåð, â ñëó÷àå
óñòðàíèìîãî ðàçðûâà äîîïðåäåëèòü ôóíêöèþ "ïî íåïðåðûâíîñòè":

4.7. f(x)=
|3x−6|
3x−6

. 4.8. f(x)=
1

x
sinx.

4.9. f(x)=2
1

x−2 . 4.10. f(x)=3
x

4−x2 .

4.11. f(x)=(x+1) arctg
1

x
. 4.12. f(x)=

1

x
ln

1+x

1−x
.

4.13. f(x)=
3

1
x−2 −1

3
1

x−2 +1
. 4.14. f(x)=

1

2
x

1−x −1
.

4.15. f(x)=

 2x, −16x<1,
x−1, 1<x64,
1, x=1.

4.16. f(x)=

 2
√
x, 06x61,

4−2x, 1<x62, 5,
2x−7, 2, 5<x64.

4.17. Èññëåäîâàòü íà íåïðåðûâíîñòü è òî÷êè ðàçðûâà ôóíêöèþ f(x)=

lim
n→∞

1

1+xn
. Ïîñòðîèòü ãðàôèê ýòîé ôóíêöèè.
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5. Ïðîèçâîäíàÿ

Ïîëüçóÿñü òîëüêî îïðåäåëåíèåì ïðîèçâîäíîé, íàéòè f ′(x):

5.1. f(x)=ctg x. 5.2. f(x)=
1

x2
.

5.3. f(x)=2x. 5.4. f(x)=log2 x.

Äëÿ çàäàííîé f(x) íàéòè f ′−(x0) è f
′
+(x0):

5.5. f(x)=

 x, x61,
x0=1.

−x2+2x, x>1,

5.6. f(x)=

 0, x60,
x0=0.

x2 lnx, x>0,

5.1. Ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè

Íàéòè ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:

5.7. y=x4− x3

3
+2x+5− 1

x
. 5.8. y=

1
5
√
x3

+
3
√
x2

5
.

5.9. y=
x2+x

3x−4
. 5.10. y=

sinx−cosx

sinx+cosx
.

5.11. y=cos2
(
sin

√
x
)
. 5.12. y=arctg

(
x−
√
1+x2

)
.

5.13. y=x2 ln3 x. 5.14. y=
e−x2

2x
.

5.15. y=2
√
sin3x. 5.16. y=e

√
x+

√
x.

5.17. y=ln arctg
√
1+x2. 5.18. y=ln

(
x+
√
1+x2

)
.

5.19. y=

√
x+
√
x+sin2 x. 5.20. y=

√
1+

√
x2+

√
lnx.

5.2. Ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ

Èñïîëüçóÿ ïðåäâàðèòåëüíîå ëîãàðèôìèðîâàíèå, íàéòè ïðîèçâîäíûå ñëå-
äóþùèõ ôóíêöèé:

5.21. y=
(x−3)3(2x−1)(x+2)4

x5(3x−1)2(x+5)4
. 5.22. y= 3

√
(x+2)(x−1)2

x4(x+1)5
.

5.23. y=

√
x+2

3
√
(x−1)2(2x+1)

. 5.24. y=x3

√
x−1

(x+2)
√
x−2

.

5.25. y=xx. 5.26. y=xsin x.
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5.27. y=(lnx)
1
x . 5.28. y=(sinx)arcsin x.

5.29. y=xx
x

. 5.30. y=
(lnx)x

xlnx
.

5.31. y=cos
(
xsin x

)
. 5.32. y=xx

2

+x2
x

+2x
x

.
Íàéòè ïðîèçâîäíûå ôóíêöèé:
5.33. y=ln |x|. 5.34. y= | arctg x|.
5.35. Íàéòè f ′(x0), åñëè f(x)=(x−x0)φ(x), ãäå ôóíêöèÿ φ(x) íåïðå-

ðûâíà â òî÷êå x0.
Ïóñòü φ(x) è ψ(x) � äèôôåðåíöèðóåìûå ôóíêöèè. Íàéòè ïðîèçâîäíûå

ñëåäóþùèõ ñëîæíûõ ôóíêöèé:
5.36. y=ψ(x)φ(x), ψ(x)>0.
5.37. y=logφ(x) ψ(x), φ(x)>0, ψ(x)>0, φ(x) ̸=1.

Ïóñòü f(x) � ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Íàéòè y′:

5.38. y=f(ex)ef(x). 5.39. y=f(f(x)).

5.3. Ïðîèçâîäíàÿ ôóíêöèè, çàäàííîé íåÿâíî

Íàéòè y′x äëÿ ñëåäóþùèõ ôóíêöèé, çàäàííûõ íåÿâíî:

5.40. x4+y4=x2y. 5.41. x2+y2− y

x
=
x

y
.

5.42. (x+y)2−arctg
√
xy=1. 5.43.

√
y

x
−xy=1.

5.44. x−y=arcsinx−arcsin y. 5.45. arctg
y

x
=ln

√
x2+y2.

5.46. xy=arctg
x

y
. 5.47. xy=yx.

5.48. 2
x
y =

(
x

y

)2

. 5.49. (lnx)y=yx.

5.50. Äîêàçàòü, ÷òî ôóíêöèÿ y, îïðåäåëåííàÿ óðàâíåíèåì xy− ln y=
1, óäîâëåòâîðÿåò òàêæå óðàâíåíèþ y2+(xy−1)y′=0.

5.4. Ïðîèçâîäíàÿ ïàðàìåòðè÷åñêîé ôóíêöèè

Äëÿ ôóíêöèé, çàäàííûõ ïàðàìåòðè÷åñêè, íàéòè y′x:

5.51.

 x=2t,
t∈(−∞,+∞).

y=3t2−5t,
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5.52.


x=

1

t+1
,

t ̸=−1.

y=

(
t

t+1

)2

,

5.53.

 x=2−t,
t∈(−∞,+∞).

y=22t,

5.54.

 x=a cosφ,
φ∈(0, π).

y=b sinφ,

5.55.


x=tg t,

t∈(−π
2
,+

π

2
).

y=sin 2t+2 cos 2t,

5.56.


x=arccos

1√
1+ t2

,

t∈(0,+∞).

y=arcsin
t√

1+ t2
,

5.57.

 x=ln(1+ t2),
t∈(0,+∞).

y= t−arctg t,

5.58.


x=arcsin(t2−1),

t∈(0,
√
2).

y=arccos 2t,
Íàéòè y′x â óêàçàííûõ òî÷êàõ:

5.59.


x= t ln t,

t=1.

y=
ln t

t
,

5.60.


x= t(t cos t−2 sin t),

t=
π

4
.

y= t(t sin t+2 cos t),
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Èíäèâèäóàëüíîå çàäàíèå

Íàéòè ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:

5.61. y=8x3− 5
√
x2+4. 5.62. y=

3

x2
+

7

x
+5x3−9.

5.63. y=
x+

√
x√

x4+1
. 5.64. y=

3
√
(x3+2x−1)2

2x2
.

5.65. y= 5
√
2x−1(1+x5). 5.66. y=(x2−3x)

√
(x+2)3.

5.67. y=arccos3
x

5
. 5.68. y=5 sin 3x+3 cos 5x.

5.69. y=2(tg
√
x−

√
x). 5.70. y=x3 arcsinx.

5.71. y=x sin 3x+
cos 3x

x
. 5.72. y=

arctg x

x2+1
.

5.73. y=arctg2(x−2
√
x). 5.74. y=

√
4x−1+arctg

√
4x−1.

5.75. y=sin3
1

x
. 5.76. y=(x5−3x2+1)3.

5.77. y=arctg

√
1−x
1+x

. 5.78. y=tg3 x−3 tg x+3x.

5.79. y=ctg
7+x2

7−x2
. 5.80. y= 4

√
(x2−3)3+

√
1−sin 2x.

5.81. y=sin4(x2−2x+5). 5.82. y=
1

(1+cos 4x)5
.

5.83. y=
√
x ·tg5 1√

x
. 5.84. y=ctg3(x2+1).

5.85. y=ex−3 ·cos 2x. 5.86. y=x33x.

5.87. y=ln
x7

x7+7
. 5.88. y=

e2x

x2+x
.

5.89. y=lg(cosecx+sinx). 5.90. y=ln(
√
x+5sin x).

5.91. y=

√
tg2 x+1+

√
x2+x. 5.92. y=ln sinx−sin2 x.

5.93. y=2− arccos
√
x. 5.94. y=ex

2·arcsin x.

5.95. y=2
arcsin x√

1−x2 . 5.96. y=

√
(x+3)(x+4)

(x−1)(x−2)(x+1)
.

5.97. y=x
(
sin(lnx)+cos(lnx)

)
. 5.98. y=3sin

√
x3+x.

5.99. y=lg2(tg x+
√
x−3). 5.100. y=ln

(
e−x+xe−x

)
.

5.101. y=(tg x)x. 5.102. y=(arcsinx)x
2

.

5.103. y=cos(xln x). 5.104. y=(lnx)ln x.

5.105.
y

x
+x2y3−x= 1

y
. 5.106. xy=arctg y+x2.
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5.107. y2− x

y
=sin y. 5.108. ln

y

x
−xy2=1+y.

5.109.

{
x= t2

y= t3+1
. 5.110.

{
x=sin2 t
y=sin2 t

.

5.111.

{
x= t−tg t
y= t−sin t

. 5.112.

{
x=arctg t
y= t2+1

.

5.113.

{
x=et cos t
y=et sin t

. 5.114.

{
x=1+ln t
y=1− ln t

.

6. Äèôôåðåíöèàë ôóíêöèè

6.1. Íàéòè ïðèðàùåíèå △y è äèôôåðåíöèàë dy ôóíêöèè y=x3, ñî-
îòâåòñòâóþùèå çíà÷åíèþ àðãóìåíòà x0=2 è ïðèðàùåíèþ àðãóìåíòà △x=
0, 01.

6.2. Íàéòè ïðèðàùåíèå △y è äèôôåðåíöèàë dy ôóíêöèè y=
√
x, ñî-

îòâåòñòâóþùèå çíà÷åíèþ àðãóìåíòà x0=1 è ïðèðàùåíèþ àðãóìåíòà △x=
−0, 1.

6.3. Ðåáðà êóáà óâåëè÷åíû íà 1 ñì. Äèôôåðåíöèàë dV îáúåìà V
êóáà îêàçàëñÿ ðàâíûì 12 ñì3. Íàéòè ïåðâîíà÷àëüíóþ äëèíó ðåáåð.

6.4. Ðàäèóñ êðóãà óâåëè÷åí íà 1 ñì. Äèôôåðåíöèàë ïëîùàäè êðóãà
îêàçàëñÿ ïðè ýòîì ðàâíûì 6π ñì2. Íàéòè ïåðâîíà÷àëüíóþ âåëè÷èíó ðàäè-
óñà.

Íàéòè äèôôåðåíöèàëû óêàçàííûõ ôóíêöèé ïðè ïðîèçâîëüíûõ çíà÷å-
íèÿõ àðãóìåíòà x è ïðè ïðîèçâîëüíîì åãî ïðèðàùåíèè △x=dx:

6.5. y=x
√
a2−x2+a2 arcsin x

a
−5. 6.6. y=sinx−x cosx+4.

6.7. y=x arctg x− ln
√

1+x2. 6.8. y=x lnx−x+1.

6.9. y=x arcsinx+
√
1−x2−3. 6.10. y5+y−x2=1.

6.11. arctg
y

x
=ln

√
x2+y2. 6.12. ey=x+y.

Âû÷èñëèòü ïðèáëèæåííî:
6.13. arcsin 0, 05. 6.14. arctg 1, 04.

6.15. ln 1, 2. 6.16. 4
√
0, 8.

7. Ïðîèçâîäíûå è äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ

Íàéòè ïðîèçâîäíûå âòîðîãî ïîðÿäêà îò ñëåäóþùèõ ôóíêöèé:
7.1. y=cos2 x. 7.2. y=arctg x2.

7.3. y=log2
3
√
1−x2. 7.4. y=

arcsinx√
1−x2

.
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7.5. y=x
√
x. 7.6. y=xsin x.

7.7. Íàéòè y′′′(0), åñëè y=e2x sin 3x.
7.8. Íàéòè y′′′(2), åñëè y=ln(x−1).
7.9. Íàéòè yIV (1), åñëè y=x3 lnx.
Íàéòè n-å ïðîèçâîäíûå çàäàííûõ ôóíêöèé:
7.10. y=sinx. 7.11. y=lnx.

7.12. y=
1+x

1−x
. 7.13. y=

1

x2−3x+2
.

7.14. y=
2x+4

x2−4x+3
. 7.15. y=

x+2√
x+1

.

Ïðèìåíÿÿ ôîðìóëó Ëåéáíèöà, íàéòè ïðîèçâîäíûå óêàçàííûõ ïîðÿäêîâ
îò çàäàííûõ ôóíêöèé:

7.16. y=(x2+x+1) sinx, íàéòè y(15).
7.17. y=sinx ·e−x, íàéòè y(5).
7.18. y=x log2 x, íàéòè y

(10).
7.19. Ïîêàçàòü, ÷òî ôóíêöèÿ y=arcsinx óäîâëåòâîðÿåò äèôôåðåí-

öèàëüíîìó óðàâíåíèþ (1−x2)y′′=xy′.
7.20. Ïîêàçàòü, ÷òî ôóíêöèÿ y=C1xe

2x+C2e
2x+ex óäîâëåòâîðÿåò

äèôôåðåíöèàëüíîìó óðàâíåíèþ y′′−4y′+4y=ex.

Íàéòè ïðîèçâîäíûå 2-ãî ïîðÿäêà îò ôóíêöèé, çàäàííûõ íåÿâíî:
7.21. y2=2px. 7.22. y=1+xey.

7.23. y=tg(x+y). 7.24. ex−y=xy.

Íàéòè ïðîèçâîäíûå 2-ãî ïîðÿäêà ôóíêöèé, çàäàííûõ ïàðàìåòðè÷åñêè:

7.25.

 x= t+sin t,
t(−∞,+∞).

y= t+cos t,

7.26.


x=

1

cos t
,

t∈
(
0,
π

2

)
.

y=tg t,

7.27.

 x=arcsin t,
t∈(−1, 1).

y=ln(1− t2),

7.28.

 x=arctg t,
t(−∞,+∞).

y=ln(1+ t2),
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7.29.


x=a cos3 t,

t∈
(
0,
π

2

)
.

y=a sin3 t,

Íàéòè äèôôåðåíöèàëû 2-ãî ïîðÿäêà óêàçàííûõ ôóíêöèé y àðãóìåíòà
x:

7.30. y=a sin(bx+c). 7.31. y=3−x2

.

7.32. y=
sinx

x
. 7.33. y=ax2+bx+c.

7.34. xy+y2=1. 7.35. (x−a)2+(y−b)2=R2.

7.36. x3+y3=y. 7.37. x=y−a sin y.

8. Òåîðåìû î äèôôåðåíöèðóåìûõ ôóíêöèÿõ. Ôîðìóëà Òåéëîðà.
Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ ïðîèçâîäíîé

8.1. Ôóíêöèÿ f(x)=1− 3
√
x2 îáðàùàåòñÿ â íóëü â òî÷êàõ x=1 è x=−1.

Ñïðàâåäëèâà ëè äëÿ ýòîé ôóíêöèè òåîðåìà Ðîëëÿ íà îòðåçêå [−1, 1]?

8.2. Ôóíêöèÿ f(x)=
5−x2

x4
èìååò íà êîíöàõ îòðåçêà [−1, 1] ðàâíûå

çíà÷åíèÿ. Åå ïðîèçâîäíàÿ f ′(x) ðàâíà íóëþ òîëüêî â äâóõ òî÷êàõ x=±
√
10,

ðàñïîëîæåííûõ çà ïðåäåëàìè ýòîãî îòðåçêà. Êàêîâà ïðè÷èíà íàðóøåíèÿ
òåîðåìû Ðîëëÿ?

8.3. Ïóñòü f(x)=x(x−1)(x−2)(x−3). Äîêàçàòü, ÷òî âñå òðè êîðíÿ
óðàâíåíèÿ f ′(x)=0 äåéñòâèòåëüíû.

8.4. Äîêàçàòü, ÷òî óðàâíåíèå 16x4−64x+31=0 íå ìîæåò èìåòü äâà
ðàçëè÷íûõ äåéñòâèòåëüíûõ êîðíÿ íà èíòåðâàëå (0, 1).

8.5. Äîêàçàòü, ÷òî óðàâíåíèå ex−1+x−2=0, èìåþùåå êîðåíü x=1,
íå èìååò äðóãèõ äåéñòâèòåëüíûõ êîðíåé.

8.6. Äîêàçàòü, ÷òî åñëè ïðîèçâîäíàÿ f ′(x) òîæäåñòâåííî ðàâíà íóëþ
íà èíòåðâàëå (a, b), òî ôóíêöèÿ f(x) ïîñòîÿííà íà ýòîì èíòåðâàëå.

8.7. Íàïèñàòü ôîðìóëó Òåéëîðà 3-ãî ïîðÿäêà äëÿ ôóíêöèè y=
x

x−1
â òî÷êå a=2.

8.8. Íàïèñàòü ôîðìóëó Ìàêëîðåíà 3-ãî ïîðÿäêà äëÿ ôóíêöèè y=
arcsinx.

8.9. Íàïèñàòü ôîðìóëó Òåéëîðà 3-ãî ïîðÿäêà äëÿ ôóíêöèè y=
1√
x

â òî÷êå a=1.
Íàïèñàòü óðàâíåíèÿ êàñàòåëüíîé è íîðìàëè ê ãðàôèêó ôóíêöèè y=

f(x) â äàííîé òî÷êå, åñëè:

8.10. y=lnx, x0=1. 8.11. y=e1−x2

, x0=−1.
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8.12. Íàïèñàòü óðàâíåíèÿ êàñàòåëüíîé è íîðìàëè â òî÷êå M0(2, 2) ê

êðèâîé x=
1+ t

t3
, y=

3

2t2
+

1

2t
, t ̸=0.

8.13. Íàïèñàòü óðàâíåíèÿ êàñàòåëüíîé è íîðìàëè ê êðèâîé x3+y2+
2x−6=0 â òî÷êå ñ îðäèíàòîé y0=3.

8.14. Ïîêàçàòü, ÷òî êàñàòåëüíûå ê ãèïåðáîëå y=
x−4

x−2
â òî÷êàõ åå

ïåðåñå÷åíèÿ ñ îñÿìè êîîðäèíàò ïàðàëëåëüíû ìåæäó ñîáîé.
8.15. Íàéòè óãîë, ïîä êîòîðûì ïåðåñåêàþòñÿ êðèâûå y=(x−2)2 è

y=4x−x2+4.
8.16. Äîêàçàòü, ÷òî ñóììà îòðåçêîâ, îòñåêàåìûõ êàñàòåëüíîé ê êðè-

âîé x
1
2 +y

1
2 =a

1
2 íà îñÿõ êîîðäèíàò, äëÿ âñåõ åå òî÷åê ðàâíà a.

8.17. Ïîêàçàòü, ÷òî îòðåçîê êàñàòåëüíîé ê àñòðîèäå x
2
3 + y

2
3 =a

2
3 ,

çàêëþ÷åííûé ìåæäó îñÿìè êîîðäèíàò, èìååò ïîñòîÿííóþ äëèíó, ðàâíóþ
a.

8.18. Íàéòè ðàññòîÿíèå îò íà÷àëà êîîðäèíàò äî íîðìàëè ê ëèíèè
y=e2x+x2, ïðîâåäåííîé â òî÷êå ñ àáñöèññîé x=0.

9. Ïðàâèëî Ëîïèòàëÿ âû÷èñëåíèÿ ïðåäåëîâ

Ðàñêðûòü íåîïðåäåëåííîñòè òèïà
0

0
èëè

∞
∞
:

9.1. lim
x→0

e2x−1

arcsin 3x
. 9.2. lim

x→0

ex−e−x−2x

x−sinx
.

9.3. lim
x→+∞

π−2 arctg x

e
3
x −1

. 9.4. lim
x→0

x−sinx

x−tg x
.

9.5. lim
x→0

ex−e−x

ln(1+x)
. 9.6. lim

x→0

e3x−3x−1

sin2 5x
.

9.7. lim
x→π

4

ctg x−1

sin 4x
. 9.8. lim

x→1

x3−4x2+5x−2

x3−5x2+7x−3
.

9.9. lim
x→0

lnx

1+2 ln sinx
. 9.10. lim

x→1

tg
πx

2
ln(1−x)

.

9.11. lim
x→3

cosx · ln(x−3)

ln(ex−e3)
. 9.12. lim

x→1

ln(1−x)+tg
πx

2
ctg πx

.

Ðàñêðûòü íåîïðåäåëåííîñòè òèïà 0 ·∞ èëè ∞−∞:

9.13. lim
x→0

(ex+e−x−2) ctg x. 9.14. lim
x→0

x2e
1
x2 .

9.15. lim
x→1

(x−1) ctg π(x−1). 9.16. lim
x→1

lnx · ln(x−1).
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9.17. lim
x→1

(
1

lnx
− x

lnx

)
. 9.18. lim

x→0

(
1

arctg x
− 1

x

)
.

9.19. lim
x→π

2

(
x

ctg x
− π

2 cosx

)
. 9.20. lim

x→0

(
1

x2
−ctg2 x

)
.

Ðàñêðûòü íåîïðåäåëåííîñòè òèïà 00, ∞0, 1∞:
9.21. lim

x→0
xsin x. 9.22. lim

x→0
(arctg x)tg x.

9.23. lim
x→0

x
1

ln(ex−1) . 9.24. lim
x→+∞

x
1
x .

9.25. lim
x→+∞

(x+2x)
1
x . 9.26. lim

x→0
(ctg x)

1
ln x .

9.27. lim
x→1

x
1

(1−x) . 9.28. lim
x→+∞

(
1+

1

x2

)x

.

9.29. lim
x→0

(cos 2x)
3
x2 . 9.30. lim

x→0
(ex+x)

1
x .

10. Èññëåäîâàíèå ôóíêöèé

Äëÿ óêàçàííûõ ôóíêöèé íàéòè èíòåðâàëû âîçðàñòàíèÿ è óáûâàíèÿ è
òî÷êè ýêñòðåìóìà:

10.1. y=
2x2−1

x4
. 10.2. y=

x

lnx
.

10.3. y=lnx−arctg x. 10.4. y=xx.

Íàéòè èíòåðâàëû âûïóêëîñòè è òî÷êè ïåðåãèáà ãðàôèêà ôóíêöèè y=f(x):

10.5. y=x4+6x2. 10.6. y= 3
√
x+1− 3

√
x−1.

10.7. y=xe2x+1. 10.8. y=x3 lnx+1.

Îïðåäåëèòü íàèáîëüøååM è íàèìåíüøåå m çíà÷åíèÿ ôóíêöèé íà óêà-
çàííûõ îòðåçêàõ:

10.9. y=
1

3
x3− 1

2
x2−2x; [0, 3]. 10.10. y=−3x4+6x2; [0, 2].

10.11. y=x+2
√
x; [0, 4]. 10.12. y=

1−x+x2

1+x+x2
; [0, 1].

Íàéòè àñèìïòîòû ãðàôèêîâ óêàçàííûõ ôóíêöèé:

10.13. y=
2x2+1

x−1
. 10.14. y=

1

ex−e2
.

10.15. y=

√
|x2−3|
x

. 10.16. y=3x+arctg 5x.

10.17. y=
3x

3x−1
. 10.18. y=

|x3−8|
x2

.
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Ïîñòðîèòü ãðàôèêè ñëåäóþùèõ ôóíêöèé:

10.19. y=
x3

2(x−1)2
. 10.20. y=

x2√
|x2−1|

.

10.21. y=(x−2)e−
1
x . 10.22. y=

x2

lnx
.

10.23. Èññëåäîâàòü íà ýêñòðåìóì â òî÷êå x0 ôóíêöèþ f(x)=(x−
x0)

kφ(x), ãäå k∈N è φ(x) íåïðåðûâíà â òî÷êå x0, ïðè÷åì φ(x0) ̸=0.
10.24. Íà ïàðàáîëå y=x2 íàéòè òî÷êó N , íàèìåíåå óäàëåííóþ îò

ïðÿìîé y=2x−4.

10.25. Ïîêàçàòü, ÷òî êðèâàÿ y=
x+1

x2+1
èìååò òðè òî÷êè ïåðåãèáà,

ëåæàùèå íà îäíîé ïðÿìîé.
10.26. Ïîêàçàòü, ÷òî òî÷êè ïåðåãèáà êðèâîé y=x sinx ëåæàò íà êðè-

âîé y2(4+x2)=4x2.
10.27. Íà êîîðäèíàòíîé ïëîñêîñòè äàíà òî÷êà M0(x0, y0), ëåæàùàÿ

â ïåðâîé ÷åòâåðòè. Ïðîâåñòè ÷åðåç ýòó òî÷êó ïðÿìóþ òàê, ÷òîáû òðåóãîëü-
íèê, îáðàçîâàííûé åþ ñ ïîëîæèòåëüíûìè ïîëóîñÿìè êîîðäèíàò, èìåë íàè-
ìåíüøóþ ïëîùàäü.

Èíäèâèäóàëüíîå çàäàíèå

Ïîñòðîèòü ãðàôèêè ñëåäóþùèõ ôóíêöèé:

10.28. y=

(
x+2

x−1

)2

. 10.29. y=
lnx

x
.

10.30. y=
(x−3)2

4(x−1)
. 10.31. y=x−2 arctg x.

10.32. y=
x2+9

2x
. 10.33. y=arctg

1

4x
.

10.34. y=
2x+1

x2
. 10.35. y=

ex

ex−1
.

10.36. y=
x+2

x3
. 10.37. y=2

x
x+2 .

10.38. y=
x−1

x2−2x
. 10.39. y=(x−1)e2x−1.

10.40. y=
2−x3

2x
. 10.41. y=x lnx.

10.42. y=
x2+1

x
. 10.43. y=e

x
1−x .

10.44. y=
x3

3−x2
. 10.45. y=xe

1
x+1 .
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10.46. y=
4+x

x2
. 10.47. y=

lnx

2x
.

10.48. y=
x2−5

x−3
. 10.49. y=x2 lnx.

10.50. y=
x2+1

x2−1
. 10.51. y=arctg

1

x
.

10.52. y=
x

x3−1
. 10.53. y=e

1
4−x2 .

10.54. y=
x3−1

4x2
. 10.55. y=ln

(x−1

x−2

)
.

10.56. y=
6x

1+x2
. 10.57. y=x− ln(x+1).

10.58. y=
1

x2−9
. 10.59. y=x2e−x.

10.60. y=
x

x3−1
. 10.61. y=

1

ex−1
.

10.62. y=
x2

x+1
. 10.63. y=ln

(x+2

x+3

)
.

10.64. y=
x3

3−x2
. 10.65. y=xe

1
x−4 .

10.66. y=
x2−5

x+3
. 10.67. y=e

x
x−3 .

10.68. y=
4x3+8

x
. 10.69. y=(x+4)e2x.

10.70. y=
x2

x−1
. 10.71. y=e

1
2x+4 .

10.72. y=
x2

x+2
. 10.73. y=arctg x2.

10.74. y=
(x−1)2

x2
. 10.75. y=ln(x2−2x).

10.76. y=
x3−1

4x2
. 10.77. y=ln

(x+2

x−1

)
.

10.78. y=
1

x2−4
. 10.79. y=xex.

10.80. y=
x2+1

2x
. 10.81. y=e

x+1
x−1 .

10.82. y=
x2

x2−4
. 10.83. y=xe

x2

2 .

10.84. y=
x2+2

2x
. 10.85. y=e

2
2−x .
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10.86. y=
x2

x3−1
. 10.87. y=x arctg x.

10.88. y=
x2+1

x
. 10.89. y=

lnx

x
.

10.90. y=
x

x2−4
. 10.91. y=e

1
x+3 .

11. Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå. Ìåòîä çàìåíû
ïåðåìåííîé

Èñïîëüçóÿ òàáëèöó îñíîâíûõ èíòåãðàëîâ, íàéòè ñëåäóþùèå èíòåãðà-
ëû:

11.1.
∫ (

3
√
x− 1

4
√
x

)
dx. 11.2.

∫
3−2x

x2
dx.

11.3.
∫ √

x2−3−
√
x2+3√

x4−9
dx. 11.4.

∫
x2

1+x2
dx.

11.5.
∫
(x2+2x)2 dx. 11.6.

∫
(sin 2x+cos 2x)2 dx.

11.7.
∫

dx√
1−9x2

. 11.8.
∫

dx

1+4x2
.

11.9.
∫

cos2 xdx. 11.10.
∫

dx

x2+2x+2
.

11.11.
∫

(2x+3)5dx. 11.12.
∫

dx

(1−3x)4
.

11.13.
∫

dx

x+5
. 11.14.

∫
dx

3x−4
.

Ìåòîäîì ïîäâåäåíèÿ ïîä çíàê äèôôåðåíöèàëà íàéòè èíòåãðàëû:

11.15.
∫

x dx

x2+4
. 11.16.

∫
cosx dx

1+sin2 x
.

11.17.
∫

x2dx√
1−x6

. 11.18.
∫

sin(lnx)
dx

x
.

11.19.
∫
x+arctg2 x

1+x2
dx. 11.20.

∫
sin

√
x
dx√
x
.

11.21.
∫

exdx√
1−e2x

. 11.22.
∫

dx

cos2 x tg3 x
.

11.23.
∫

2x+1

x2+x+3
dx. 11.24.

∫
x+1

2x2+3
dx.

11.25.
∫
x+1+arcsin3 x√

1−x2
dx. 11.26.

∫
sin 2x√
cos4 x+3

dx.
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11.27.
∫

dx

sinx cosx
. 11.28.

∫
1+lnx

4+x lnx
dx.

Âû÷èñëèòü èíòåãðàëû ñ ïîìîùüþ ïîäõîäÿùåé çàìåíû:

11.29.
∫
(x+1)

√
x−5 dx. 11.30.

∫
dx√
1+ex

.

11.31.
∫
x(5x−1)10 dx. 11.32.

∫
x dx

(3−x)7
.

11.33.
∫

x+2√
x+1+1

dx. 11.34.
∫

dx

x+
√
x
.

11.35.
∫

x+3√
x−1

dx. 11.36.
∫

dx

x
√
x2+1

.

12. Èíòåãðèðîâàíèå ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå

Ïðèìåíÿÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, íàéòè èíòåãðàëû:

12.1.
∫
(x2+x) sin 3x dx. 12.2.

∫
(3x+5) cos(2x+1) dx.

12.3.
∫
x2e−x dx. 12.4.

∫
x3e2x dx.

12.5.
∫
x3e−x2

dx. 12.6.
∫
x sinx

cos3 x
dx.

12.7.
∫
(x+2) lnx dx. 12.8.

∫
x ln2 x dx.

12.9.
∫

ln2 x

x2
dx. 12.10.

∫
arcsinx dx.

12.11.
∫

arctg x dx. 12.12.
∫
x arctg x dx.

12.13.
∫
e2x cos 3x dx. 12.14.

∫
e−4x sin(2x+1) dx.

12.15.
∫

ln(x+
√
1+x2) dx. 12.16.

∫
x dx

cos2 x
.

12.17.
∫
x arctg2 x dx. 12.18.

∫
x2dx

(x2+1)2
.

12.19.
∫ √

1+x2 dx. 12.20.
∫ √

1−x2 dx.

12.21.
∫
x arcsinx dx. 12.22.

∫
x2dx√
1−x2

.

12.23.
∫

ln(lnx)

x
dx. 12.24.

∫
arcsin

√
x√

1−x
dx.
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13. Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé

Íàéòè èíòåãðàëû îò ïðîñòåéøèõ ðàöèîíàëüíûõ äðîáåé:

13.1.
∫

dx

x+4
. 13.2.

∫
dx

3x+5
.

13.3.
∫

dx

(x−2)3
. 13.4.

∫
dx

(x+2)4
.

13.5.
∫

dx

(2x+3)2
. 13.6.

∫
dx

(3−x)3
.

13.7.
∫

dx

x2+4x+5
. 13.8.

∫
dx

x2−3x+2
.

13.9.
∫

2x+5

x2+2x+2
dx. 13.10.

∫
x−4

x2−4x+8
dx.

13.11.
∫

5−3x

x2+3x+5
dx. 13.12.

∫
5x+2

x2+5x+9
dx.

13.13.
∫

dx

(x2+1)2
. 13.14.

∫
dx

(x2+4x+5)2
.

13.15.
∫

x+2

(x2+4)2
dx. 13.16.

∫
dx

(x2+1)3
.

Íàéòè èíòåãðàëû îò ðàöèîíàëüíûõ ôóíêöèé:

13.17.
∫

dx

(x−3)(x+4)
. 13.18.

∫
2x2−1

x3−5x2+6x
dx.

13.19.
∫

x3+2

x3−4x
dx. 13.20.

∫
x4+3x3+3x2−5

x3+3x2+3x+1
dx.

13.21.
∫

3x2+2x+1

(x−1)2(x+2)
dx. 13.22.

∫
dx

x(x2+2)
.

13.23.
∫

2x2−4x+5

(x−1)(x2+2x+2)
dx. 13.24.

∫
4x+2

x2(x2+4)
dx.

13.25.
∫

5x−13

(x2−5x+6)2
dx. 13.26.

∫
x4+1

x4−1
dx.

13.27.
∫

7x+5

x2(x2+2x+5)
dx. 13.28.

∫
3x+6

x4+5x2+4
dx.

14. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé

Íàéòè èíòåãðàëû:

14.1.
∫

dx

3 cosx+2
. 14.2.

∫
dx

3−2 sinx+cosx
.

14.3.
∫

dx

5+4 sinx+3 cosx
. 14.4.

∫
1+sinx

sinx(1+cosx)
dx.
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14.5.
∫

sinx dx

cos2 x−2 cosx+5
. 14.6.

∫
sin 2x dx

1+4 cos2 x
.

14.7.
∫

cos3 x dx

2+sinx
. 14.8.

∫
dx

sinx(cos2 x+4)
.

14.9.
∫

dx

4 sin2 x−7 cos2 x
. 14.10.

∫
tg x+3

4 sin2 x+3 cos2 x
dx.

14.11.
∫

sin3 x

cos8 x
dx. 14.12.

∫
cos7 x dx.

14.13.
∫

sin3 x√
cosx

dx. 14.14.
∫

dx

sin3 x cos5 x
.

14.15.
∫

sin2 x

cos6 x
dx. 14.16.

∫
dx

sin4 x cos2 x
.

14.17.
∫

dx

sinx cosx
. 14.18.

∫
dx√

cosx sin3 x
.

14.19.
∫

dx

cos4 x
. 14.20.

∫
dx

sinx cos3 x
.

14.21.
∫

sin2 x cos2 x dx. 14.22.
∫

cos2 x sin4 x dx.

14.23.
∫

cos4 x dx. 14.24.
∫

sin6 2x dx.

14.25.
∫

sin 3x cos 5x dx. 14.26.
∫

sin(2x+1) cos(3x−2) dx.

14.27.
∫

sin 10x sin 15x dx. 14.28.
∫

cos 6x cos 4x dx.

14.29.
∫

sinx sin 2x sin 3x dx. 14.30.
∫

cosx cos2 2x dx.

15. Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

Íàéòè èíòåãðàëû:

15.1.
∫

dx√
x− 3

√
x
. 15.2.

∫
dx√

x− 4
√
x+1

.

15.3.
∫
x+

3
√
x2+ 6

√
x

x(1+ 3
√
x)

dx. 15.4.
∫

dx√
x( 3

√
x+4)

.

15.5.
∫

dx

(5+x)
√
1+x

. 15.6.
∫

x dx
3
√
2x−3

.

15.7.
∫

( 6
√
x+2−1) dx

(x+2)(1+ 3
√
x+2)

. 15.8.
∫

( 6
√
2x−1+1) dx

(2x−1)( 3
√
2x−1−1)

.
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15.9.
∫

dx

( 4
√
x+3−1)

√
x+3

. 15.10.
∫

3

√
x+1

x−1

dx

(x−1)3
.

15.11.
∫

1

x

√
x−1

x+1
dx. 15.12.

∫ √
1+x

1−x
dx

(1−x)2
.

15.13.
∫
x−

1
2 (1+x

1
4 )

1
3 dx. 15.14.

∫
dx

x 4
√
1+x4

.

15.15.
∫
x−

2
3 (1+x

1
3 )−

1
2 dx. 15.16.

∫
x−1(1+x2)−

1
2 dx.

15.17.
∫
x−2(1+x2)−

1
2 dx. 15.18.

∫
x−6

√
1+x2 dx.

15.19.
∫
x−4(1+x2)−

1
2 dx. 15.20.

∫
x2(4+x2)−

5
2 dx.

15.21.
∫

dx√
8x−x2

. 15.22.
∫

dx√
3x2−6x+4

.

15.23.
∫

x−3√
x2+6x+1

dx. 15.24.
∫

x+4√
2−x−x2

dx.

15.25.
∫

dx

x
√
x2+8x+1

. 15.26.
∫

dx

x2
√
1−x+2x2

.

15.27.
∫

dx

(x−1)
√
6x−x2−5

. 15.28.
∫

dx

(x+2)2
√
x2+5

.

15.29.
∫

dx

(x2−3)
√
4−x2

. 15.30.
∫ √

1−2x−x2 dx.

15.31.
∫ √

x2−2x+10 dx. 15.32.
∫ √

x2+4x+5 dx.

15.33.
∫ √

x2−1

x
dx. 15.34.

∫ √
(x2−1)3 dx.

Èíäèâèäóàëüíîå çàäàíèå

15.35.
∫

ex dx

4+e2x
. 15.36.

∫
5+7x−x2

x
√
x

dx.

15.37.
∫

x dx√
x2−1

. 15.38.
∫

sinx dx

1−2 cosx
.

15.39.
∫

dx

(1+x2) 3
√
arctg x

. 15.40.
∫

dx√
3−5x2

.

15.41.
∫

ex dx√
3+2ex−e2x

. 15.42.
∫

sin 2x esin
2 x dx.

15.43.
∫
x arctg

√
4x2−1 dx. 15.44.

∫
x3 ln(1+x4) dx.
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15.45.
∫
(2−3x) e4x dx. 15.46.

∫ √
x arcsin

√
1−x3 dx.

15.47.
∫
x3 cosx2 dx. 15.48.

∫
e2x sinx dx.

15.49.
∫

3x−7

(x+1)(x2+4)
dx. 15.50.

∫
x3−6

x4+6x2+8
dx.

15.51.
∫

5x4+12x2−1

x(x2+1)
dx. 15.52.

∫
5−2x2

x3+x2+2x+2
dx.

15.53.
∫

5x2−2

x(x+1)(x−2)
dx. 15.54.

∫
x4+16

x5+4x3
dx.

15.55.
∫

sin2 x+2 cos2 x

(sinx+cosx) cos3 x
dx. 15.56.

∫
dx

4+5 sin2 x
.

15.57.
∫

dx

cosx
√
4 cos2 x−sin2 x

. 15.58.
∫

sin3 x

2+cosx
dx.

15.59.
∫

dx

(1+sinx) cosx
. 15.60.

∫
dx

4 sinx−3 cosx+2
.

15.61.
∫

dx

cosx+2 sinx+3
. 15.62.

∫
1+sinx

1+cosx
dx.

15.63.
∫

dx

sin3 x cos3 x
. 15.64.

∫
tg x dx

sin2 x cos2 x
.

15.65.
∫

sin5 x

cos2 x
dx. 15.66.

∫
sin2 x

cosx
dx.

15.67.
∫

sin2 x cos2 x dx. 15.68.
∫

sin6 x dx.

15.69.
∫

sin 3x cos 6x dx. 15.70.
∫

sin 2x cosx cos 5x dx.

15.71.
∫

1+ 6
√
x

12
√
x11− 6

√
x5

dx. 15.72.
∫ √

x+1

1+ 3
√
x+1

dx.

15.73.
∫

1

x2

√
x

x−1
dx. 15.74.

∫
3x+4√

3+2x−x2
dx.

15.75.
∫

dx

x
√
x2−2

. 15.76.
∫

dx

(2x+1)
√
x2+4x+1

.

15.77.
∫ √

1+x2

x2
dx. 15.78.

∫
dx

x
√
x5−4

.

15.79.
∫ √

(x2+2x)3 dx. 15.80.
∫ √

x2+4x+5 dx.
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16. Ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. ×àñòíûå ïðîèçâîäíûå è
ïîëíûé äèôôåðåíöèàë ô.í.ï.

Íàéòè îáëàñòè îïðåäåëåíèÿ ôóíêöèé äâóõ ïåðåìåííûõ

16.1. z=
√
1−(x2+y)2. 16.2. z=ln(−x−y).

16.3. z=
√
9−x2−y2+

√
x2+y2−4.

16.4. z=
√
ln(x2+y2).

Íàéòè ÷àñòíûå ïðîèçâîäíûå 1-ãî ïîðÿäêà îò çàäàííûõ ôóíêöèé:

16.5. z=xy+
y

x
. 16.6. z=

xy√
x2+y2

.

16.7. z=xe−xy. 16.8. z=yx.

16.9. z=
cos y2

x
. 16.10. z=ln(x2+y2).

16.11. z=arcsin
y√

x2+y2
. 16.12. z=arctg

x

x+y
.

16.13. u=
1√

x2+y2+z2
. 16.14. u=

(y
x

)z
.

16.15. u=xy2z3t4+3x−4y+2z− t+1.
16.16. Íàéòè f ′x(3, 2) è f

′
y(3, 2), åñëè f(x, y)=x

3y+xy2−2x+3y−1.
16.17. Âû÷èñëèòü îïðåäåëèòåëü

∆=

∣∣∣∣∣∣∣∣∣∣∣

∂x

∂r

∂x

∂φ

∂x

∂θ
∂y

∂r

∂y

∂φ

∂y

∂θ
∂z

∂r

∂z

∂φ

∂z

∂θ

∣∣∣∣∣∣∣∣∣∣∣
,

åñëè x=r cosφ cos θ, y=r sinφ cos θ, z=r sin θ.

16.18. Íàéòè ïîëíîå ïðèðàùåíèå è äèôôåðåíöèàë ôóíêöèè z=x2−
xy+y2, åñëè x èçìåíÿåòñÿ îò 2 äî 2,1, à y � îò 1 äî 1,2.

16.19. Íàéòè ïîëíîå ïðèðàùåíèå è äèôôåðåíöèàë ôóíêöèè z=ln(x2+
y2), åñëè x èçìåíÿåòñÿ îò 2 äî 2,1, à y � îò 1 äî 0,9.

Íàéòè äèôôåðåíöèàëû ôóíêöèé:

16.20. z=ln(y+
√
x2+y2). 16.21. z=tg

y2

x
.

16.22. z=ln cos
x

y
. 16.23. u=(xy)z.

16.24. u=xy+yz+zx. 16.25. u=exyz.
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Âû÷èñëèòü ïðèáëèæåííî:

16.26. (2, 01)3,03. 16.27.
√
(1, 02)3+(1, 97)3.

16.28. Ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä èìååò èçìåðåíèÿ: a=2 ì,
b=3 ì, c=6 ì. Íàéòè ïðèáëèæåííî âåëè÷èíó èçìåíåíèÿ äëèíû äèàãîíàëè
ïàðàëëåëåïèïåäà, åñëè a óâåëè÷èòñÿ íà 2 ñì, b � íà 1ñì, à c óìåíüøèòñÿ
íà 3 ñì.

17. ×àñòíûå ïðîèçâîäíûå ñëîæíûõ ôóíêöèé è ôóíêöèé,
çàäàííûõ íåÿâíî

17.1. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè z=

√
u2+v3, ãäå u=

x

y
, v=

x+y

y
.

17.2. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè z=u2 ln v, ãäå u=

y

x
, v=x2+y2.

17.3. Íàéòè dz, åñëè z=u2v−v2u, ãäå u=x sin y, v=y cosx.
17.4. Íàéòè

dz

dt
, åñëè z=e2x−3y, ãäå x=tg t, y= t2− t.

17.5. Íàéòè
dz

dt
, åñëè z=xy, ãäå x=ln t, y=sin t.

17.6. Íàéòè
dz

dt
, åñëè z=arctg

y

x
, ãäå x=e2t+1, y=e2t−1.

17.7. Íàéòè
du

dt
, åñëè u=

yz

x
, ãäå x=et, y=ln t, z= t2−1.

17.8. Íàéòè
dz

dx
, åñëè z=arctg

x+1

y
, ãäå y=e(x+1)2 .

17.9. Íàéòè
dz

dx
, åñëè z=

x2y3

t
, ãäå y=

√
x2+1, t=arcsinx.

17.10. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè z=

uv+v

t2+1
, ãäå u=xy, v=yx, t=

√
xy.

17.11. Íàéòè
∂z

∂x
,
∂z

∂y
,
∂z

∂t
, åñëè z=

√
u2+v3, ãäå u=

yx

t
, v=x2yt3.

17.12. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè z=f(u, v), ãäå u=ln(x2−y2), v=xy2.

17.13. Íàéòè dz, åñëè z=f(u, v), ãäå u=cos(xy), v=x5−7y.

17.14. Íàéòè dz, åñëè z=f(u, v), ãäå u=sin
x

y
, v=

√
x

y
.

17.15. Íàéòè du, åñëè u=f(x, y, z), ãäå x=s2+ t2, y=s2− t2, z=2st.
17.16. Ïîêàçàòü, ÷òî ôóíêöèÿ z=y·φ(cos(x−y)) óäîâëåòâîðÿåò óðàâ-

íåíèþ
∂z

∂x
+
∂z

∂y
=
z

y
.

28



17.17. Ïîêàçàòü, ÷òî ôóíêöèÿ z=xf
(y
x

)
− x2 − y2 óäîâëåòâîðÿåò

óðàâíåíèþ x
∂z

∂x
+y

∂z

∂y
=z−x2−y2.

17.18. Ïîêàçàòü, ÷òî ôóíêöèÿ z=
y

f(x2−y2)
óäîâëåòâîðÿåò óðàâíå-

íèþ
1

x

∂z

∂x
+

1

y

∂z

∂y
=
z

y2
.

17.19. Ïîêàçàòü, ÷òî ôóíêöèÿ u=
1

12
x4− 1

6
x3(y+z)+

1

2
x2yz+f(y−

x, z−x) óäîâëåòâîðÿåò óðàâíåíèþ ∂u

∂x
+
∂u

∂y
+
∂u

∂z
=xyz.

17.20. Íàéòè
dy

dx
, åñëè y sinx−cos(x−y)=0.

17.21. Íàéòè
dy

dx
, åñëè x+y=ex−y.

17.22. Íàéòè
dy

dx
, åñëè x−y+arctg y=0.

17.23. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè z3−4xz+y2−4=0.

17.24. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè z ln(x+z)− xy

z
=0.

17.25. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè F (x+y+z, x2+y2+z2)=0.

17.26. Íàéòè
∂z

∂x
è
∂z

∂y
, åñëè f(yz, exz)=0.

17.27. Íàéòè dz, åñëè yz=arctg(xz).
17.28. Ïîêàçàòü, ÷òî ôóíêöèÿ z, îïðåäåëÿåìàÿ óðàâíåíèåì φ(cx−

az, cy− bz)=0, ãäå φ � ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ äâóõ
ïåðåìåííûõ, óäîâëåòâîðÿåò óðàâíåíèþ

a
∂z

∂x
+b

∂z

∂y
=c.

18. ×àñòíûå ïðîèçâîäíûå è äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ

Íàéòè ÷àñòíûå ïðîèçâîäíûå 2-ãî ïîðÿäêà îò çàäàííûõ ôóíêöèé:

18.1. z=xy+
y

x
. 18.2. z=

xy√
x2+y2

.

18.3. z=xe−xy. 18.4. z=yx.

18.5. z=arcsin
y√

x2+y2
. 18.6. u=

(y
x

)z
.
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18.7. Ïîêàçàòü, ÷òî
∂2z

∂x∂y
=

∂2z

∂y∂x
, åñëè z=x sin(2x+3y).

18.8. Ïîêàçàòü, ÷òî
∂2z

∂x∂y
=

∂2z

∂y∂x
, åñëè z=cos

y

x
arccos

x

y
.

18.9. Íàéòè f ′′′xxx(0, 1), f
′′′
xxy(0, 1), f

′′′
xyy(0, 1), f

′′′
yyy(0, 1), åñëè f(x, y)=

ex
2y.

18.10. Íàéòè
∂4u

∂x∂y∂ξ∂η
, åñëè u=ln

1√
(x−ξ)2+(y−η)2

.

18.11. Íàéòè
∂6u

∂x3∂y3
, åñëè u=x3 sin y+y3 sinx.

18.12. Íàéòè
∂3u

∂x∂y∂z
, åñëè u=

xz+x2y

z+1
.

18.13. Íàéòè
∂4u

∂x2∂y∂z
, åñëè u=

x3y+y3

cos2 z
.

18.14. Íàéòè
∂3u

∂x∂y2
, åñëè u=

xy2z

x+1
.

18.15. Ïîêàçàòü, ÷òî ôóíêöèÿ u=a sinλx cos aλt óäîâëåòâîðÿåò óðàâ-
íåíèþ êîëåáàíèÿ ñòðóíû

∂2u

∂t2
=a2

∂2u

∂x2
.

18.16. Ïîêàçàòü, ÷òî ôóíêöèÿ u=
1√

(x−a)2+(y−b)2+(z−c)2
óäî-

âëåòâîðÿåò óðàâíåíèþ Ëàïëàñà

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
=0.

Íàéòè äèôôåðåíöèàëû 2-ãî ïîðÿäêà ñëåäóþùèõ ôóíêöèé:

18.17. z=
y

x
− x

y
. 18.18. z=(x+y)exy.

18.19. z=x ln
y

x
. 18.20. u=exyz.

18.21. Íàéòè
∂2z

∂x2
,
∂2z

∂x∂y
,
∂2z

∂y2
, åñëè z=u2 ln v, u=

y

x
, v=x2y.

18.22. Íàéòè
∂2z

∂x2
,
∂2z

∂x∂y
,
∂2z

∂y2
, åñëè z=f(u, v), u=xy, v=

x

y
.

18.23. Íàéòè
∂2u

∂x∂y
, åñëè u=f(x, y, z), z=φ(x, y).

18.24. Íàéòè âñå ÷àñòíûå ïðîèçâîäíûå 2-ãî ïîðÿäêà îò ôóíêöèè
u=f(x, xy, xyz).
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18.25. Íàéòè
d2y

dx2
, åñëè x+y=ex−y.

18.26. Íàéòè
∂2z

∂x2
,
∂2z

∂x∂y
,
∂2z

∂y2
, åñëè x+y+z=ez.

19. Ãðàäèåíò è ïðîèçâîäíàÿ ïî íàïðàâëåíèþ. Êàñàòåëüíàÿ
ïëîñêîñòü è íîðìàëü ê ïîâåðõíîñòè

Îïðåäåëèòü âèä ëèíèé èëè ïîâåðõíîñòåé óðîâíÿ ñëåäóþùèõ ñêàëÿð-
íûõ ïîëåé:

19.1. z=y2+x. 19.2. z=
y

x
.

19.3. u=x+y+z. 19.4. u=x2+y2−z2.
Íàéòè ãðàäèåíòû ôóíêöèé â óêàçàííûõ òî÷êàõ:

19.5. z=
x2+y

y+1
, M0(1, 0). 19.6. z=

xy2

x+1
, M0(0, 1).

19.7. u=
xy+y2

z+1
, M0(1, 1, 0). 19.8. u=

y2+1

xz
, M0(1, 0, 1).

19.9. Íàéòè ñòàöèîíàðíûå òî÷êè ïîëÿ u=2x2− 4xy+ y2− 2yz+6z
(òî÷êè, â êîòîðûõ ãðàäèåíò ôóíêöèè ðàâåí 0).

19.10. Íàéòè åäèíè÷íûé âåêòîð íîðìàëè ê ïîâåðõíîñòè óðîâíÿ ïîëÿ
u=x2+2xy−4yz â òî÷êåM0(1, 1,−1), íàïðàâëåííûé â ñòîðîíó âîçðàñòàíèÿ
ïîëÿ.

19.11. Íàéòè ñêîðîñòü è íàïðàâëåíèå íàèáûñòðåéøåãî âîçðàñòàíèÿ
ïîëÿ u=xyz â òî÷êå M0(1, 2, 2).

19.12. Íàéòè óãîë ìåæäó ãðàäèåíòàìè ïîëÿ u=x2+2y2−z2 â òî÷êàõ
M1(2, 3,−1) è M2(1,−1, 2).

Íàéòè ïðîèçâîäíûå îò ñëåäóþùèõ ïîëåé â çàäàííûõ òî÷êàõ ïî çàäàí-
íîìó íàïðàâëåíèþ:

19.13. u=x2+
1

2
y2 â òî÷êå M0(2,−1) ïî íàïðàâëåíèþ

−−−−→
M0M1, ãäå

M1(6, 2).

19.14. u=
1

2
x2− 1

2
y2+z â òî÷êå M0(2, 1, 1) ïî íàïðàâëåíèþ ïðÿìîé

x−2

1
=
y−1

0
=
z−1

2
â ñòîðîíó âîçðàñòàíèÿ ïîëÿ.

19.15. u=
x2+y3

z+1
â òî÷êå M0(2,−1, 0) ïî íàïðàâëåíèþ gradu(M1),

ãäå M1(1,−1, 0).
19.16. Íàéòè ïðîåêöèþ gradu(M0) íà âåêòîð s⃗={2,−2, 1}, ãäå u=

xy+yz+2xz, M0(2,−1, 4).
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Íàéòè óðàâíåíèÿ êàñàòåëüíîé ïëîñêîñòè è íîðìàëè ê ñëåäóþùèì ïî-
âåðõíîñòÿì â óêàçàííûõ òî÷êàõ:

19.17. z=sinx cos y â òî÷êå M0

(π
4
,
π

4
,
1

2

)
.

19.18. z=ex cos y â òî÷êå M0

(
1, π,

1

e

)
.

19.19. x(y+z)(xy−z)+8=0 â òî÷êå M0(2, 1, 3).

19.20. 2
x
z +2

y
z =8 â òî÷êå M0(2, 2, 1).

19.21. z2+4z+x2=0 â òî÷êàõ ïåðåñå÷åíèÿ ñ îñüþ Oz.
19.22. Íàéòè óãëû, êîòîðûå îáðàçóåò íîðìàëü ê ïîâåðõíîñòè z=

arctg
x

y
â òî÷êå M0

(
1, 1,

π

4

)
ñ îñÿìè êîîðäèíàò.

19.23. Äëÿ ïîâåðõíîñòè z=4x−xy+y2 íàéòè óðàâíåíèå êàñàòåëüíîé
ïëîñêîñòè, ïàðàëëåëüíîé ïëîñêîñòè 4x+y+2z+9=0.

19.24. Äëÿ ïîâåðõíîñòè x2−z2−2x+6y=4 íàéòè óðàâíåíèå íîðìàëè,

ïàðàëëåëüíîé ïðÿìîé
x+2

1
=
y

3
=
z+1

4
.

19.25. Äëÿ ïîâåðõíîñòè 2x−y2+4y+ z2=4 íàéòè óðàâíåíèå êàñà-

òåëüíîé ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ïðÿìîé
x−1

1
=
y+2

−2
=
z+1

−4
.

19.26. Äëÿ ïîâåðõíîñòè x2−4y+z2−6z=23 íàéòè óðàâíåíèå íîðìà-
ëè, ïåðïåíäèêóëÿðíîé ïëîñêîñòè −2x+y+3z−8=0.

19.27. Íà ïîâåðõíîñòè x2+2y2+3z2+2xy+2xz+4yz=8 íàéòè òî÷êè, â
êîòîðûõ êàñàòåëüíûå ïëîñêîñòè ïàðàëëåëüíû êîîðäèíàòíûì ïëîñêîñòÿì.

19.28. Ïîêàçàòü, ÷òî êàñàòåëüíûå ïëîñêîñòè ê ïîâåðõíîñòè x
2
3 +y

2
3 +

z
2
3 =a

2
3 îòñåêàþò íà îñÿõ êîîðäèíàò îòðåçêè, ñóììà êâàäðàòîâ êîòîðûõ

ïîñòîÿííà è ðàâíà a2.

20. Ëîêàëüíûé ýêñòðåìóì ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ

Íàéòè ýêñòðåìóìû ôóíêöèé äâóõ ïåðåìåííûõ:
20.1. z=x2+xy+y2−3x−6y.
20.2. z=xy2(1−x−y) (x>0, y>0).
20.3. z=3x2−x3+3y2+4y.

20.4. z=xy+
50

x
+

20

y
(x>0, y>0).

20.5. z=x2+y2−2 lnx−18 ln y (x>0, y>0).
20.6. z=x3+3xy2−15x−12y.
20.7. z=2x3−xy2+5x2+y2.

20.8. z=(2x2+y2)e−(x2+y2).
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Íàéòè ýêñòðåìóìû ôóíêöèé òðåõ ïåðåìåííûõ:
20.9. u=x2+y2+z2−4x+6y−2z.
20.10. u=xy2z3(1−x−2y−3z) (x>0, y>0, z>0).

20.11. u=x+
y

x
+
z

y
+

2

z
.

Íàéòè ýêñòðåìóìû ôóíêöèé z, çàäàííûõ íåÿâíî:
20.12. x2+y2+z2+4x−2y−4z−7=0.
20.13. 2x2+2y2+z2+8yz−z+8=0.

21. Óñëîâíûé ýêñòðåìóì ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ

Íàéòè óñëîâíûå ýêñòðåìóìû ôóíêöèé:
21.1. z=x2+y2−xy+x+y−4 ïðè x+y+3=0.

21.2. z=
1

x
+

1

y
ïðè x+y=2.

21.3. z=
x−y−4√

2
ïðè x2+y2=1.

21.4. z=xy2 ïðè x+2y=1.

21.5. z=
xy

3
−4x2+y+10x ïðè y=x2−6.

21.6. z=
y2

4
−x2− xy

3
ïðè y=x2.

21.7. z=2x+y ïðè x2+y2=1.

21.8. z=x+2y ïðè
x2

4
+
y2

1
=1.

21.9. u=2x+y−2z ïðè x2+y2+z2=36.

21.10. u=x2+y2+z2 ïðè
x2

16
+
y2

9
+
z2

4
=1.

21.11. u=xy2z3 ïðè x+2y+3z=12 (x>0, y>0, z>0).

21.12. u=x2−xz− y2

2
ïðè z=x2−y.

21.13. u=xyz ïðè x+y+z=4, xy+yz+zx=5.
21.14. Äîêàçàòü íåðàâåíñòâî

x3+y3+z3

3
>
(
x+y+z

3

)3

,

åñëè x>0, y>0, z>0.

22. Íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

22.1. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=x−2y+5 â îáëàñòè x60, y>0, y−x61.
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22.2. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=x2+2y−2x â îáëàñòè y>0, x−y>0, x+y62.

22.3. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=x2+y2−xy−x−y â îáëàñòè x>0, y>0, x+y63.

22.4. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=x2+y2−y+2x â îáëàñòè x>0, y>−1, x+y62.

22.5. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=2y−x2+3 â îáëàñòè x2−2x6y, y6x.

22.6. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=xy−x2 â îáëàñòè x2−16y, y−x61.

22.7. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=x2−y2+xy+x−3 â îáëàñòè −16x61, 06y62.

22.8. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=x2+y2−4xy+6y+2 â îáëàñòè −16x62, −16y62.

22.9. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=xy â îáëàñòè x2+y261.

22.10. Íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
z=xy2 â îáëàñòè x2+y261.

22.11. Èç âñåõ ïðÿìîóãîëüíûõ ïàðàëëåëåïèïåäîâ, èìåþùèõ äàííóþ
ñóììó ðåáåð 12a, íàéòè ïàðàëëåëåïèïåä ñ íàèáîëüøèì îáúåìîì.

22.12. Íàéòè ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä ñ äëèíîé äèàãîíàëè
d, èìåþùèé íàèáîëüøèé îáúåì.

22.13. Âíóòðè ÷åòûðåõóãîëüíèêà íàéòè òî÷êó, ñóììà êâàäðàòîâ ðàñ-
ñòîÿíèé êîòîðîé îò âåðøèí áûëà áû íàèìåíüøåé.

22.14. Â ïîëóøàð ðàäèóñà R âïèñàòü ïðÿìîóãîëüíûé ïàðàëëåëåïè-
ïåä íàèáîëüøåãî îáúåìà.

22.15. Â ïðÿìîé êðóãîâîé êîíóñ ñ ðàäèóñîì îñíîâàíèÿ R è âûñîòîé
H âïèñàòü ïðÿìîóãîëüíûé ïàðàëëåëåïèïåä íàèáîëüøåãî îáúåìà.

22.16. Èç âñåõ òðåóãîëüíèêîâ ñ îñíîâàíèåì a è óãëîì α ïðè âåðøèíå
íàéòè òðåóãîëüíèê ñ íàèáîëüøåé ïëîùàäüþ.

23. Îïðåäåëåííûé èíòåãðàë

Èñïîëüçóÿ ôîðìóëó Íüþòîíà-Ëåéáíèöà, âû÷èñëèòü èíòåãðàëû:

23.1.

9∫
2

3
√
x−1 dx. 23.2.

3∫
0

2x dx.
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23.3.

2∫
1

dx

2x−1
. 23.4.

1∫
0

x2 dx

1+x6
.

23.5.

1∫
0

dx

4x2+4x+5
. 23.6.

1∫
0

dx√
x2+2x+2

.

23.7.

4∫
3

x2+3

x−2
dx. 23.8.

e∫
1

cos(lnx)

x
dx.

23.9.

e∫
1

dx

x(1+ln2 x)
. 23.10.

2∫
3
4

dx√
2+3x−2x2

.

23.11.

2∫
0

2x−1

2x+1
dx. 23.12.

1∫
0

(x2+3x) dx

(x+1)(x2+1)
.

Âû÷èñëèòü èíòåãðàëû ñ ïîìîùüþ çàìåíû ïåðåìåííîé:

23.13.

ln 8∫
ln 3

dx√
ex+1

. 23.14.

π
2∫

0

dx

3+2 cosx
.

23.15.

π
4∫

0

dx

1+2 sin2 x
. 23.16.

1∫
−1

√
3−2x−x2 dx.

23.17.

2∫
2√
3

dx

x
√
x2−1

. 23.18.

4√
3∫

2

√
x2−4

x
dx.

23.19.

√
3∫

√
3

3

dx√
(1+x2)3

. 23.20.

5∫
1

dx

x+
√
2x−1

.

23.21.

1∫
1
4

dx

x
√
1+4x2

. 23.22.

1∫
−1

x dx√
5−4x

.

23.23.

ln 6∫
ln 2

ex
√
ex−2

ex+2
dx. 23.24.

3∫
0

x2
√
9−x2 dx.
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23.25. Ïîêàçàòü, ÷òî

e2∫
e

dx

lnx
=

2∫
1

ex

x
dx.

23.26. Ïîêàçàòü, ÷òî

1∫
1√
2

dx

arcsinx
=

π
2∫

π
4

cosx

x
dx.

Âû÷èñëèòü èíòåãðàëû ìåòîäîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

23.27.

1∫
0

arcsinx√
1+x

dx. 23.28.

e∫
1

ln2 x dx.

23.29.

π
4∫

0

e2x sin 4x dx. 23.30.

e∫
1

x lnx dx.

23.31.

1∫
0

x arctg x dx. 23.32.

π
4∫

0

x2 cos 2x dx.

23.33. Îöåíèòü èíòåãðàë

1∫
−1

√
8+x3 dx.

23.34. Îöåíèòü èíòåãðàë

2π∫
0

dx√
5+2 sinx

.

Ñ ïîìîùüþ îïðåäåëåííûõ èíòåãðàëîâ íàéòè ïðåäåëû ñóìì:

23.35. lim
n→∞

( n

n2+1
+

n

n2+22
+ . . .+

n

n2+n2

)
.

23.36. lim
n→∞

π

2n

(
1+cos

π

2n
+cos 2

π

2n
+ . . .+cos(n−1)

π

2n

)
.

23.37. lim
n→∞

1

n

(√
1+

1

n
+

√
1+

2

n
+ . . .+

√
1+

n

n

)
.

23.38. Íàéòè òî÷êè ýêñòðåìóìà ôóíêöèè

Φ(x)=

x∫
a

cos t

t
dt

(
x>0, 0<a<

π

2

)
.
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Íàéòè ïðîèçâîäíûå ñëåäóþùèõ ôóíêöèé:

23.39. Φ(x)=

x∫
0

sin t

t
dt. 23.40. Φ(x)=

√
x∫

1
x

sin(t2) dt.

23.41. Φ(x)=

0∫
x

dt√
1+ t3

. 23.42. Φ(x)=

x3∫
x2

dt

ln t
(x>0).

24. Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà

24.1. Ïëîùàäü ïëîñêîé ôèãóðû

24.1. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé y=lnx è ïðÿ-
ìûìè x=e, x=e2, y=0.

24.2. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëàìè y2=4x,
x2=4y.

24.3. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé y=x2+2x è
ïðÿìîé y=x+2.

24.4. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y=
27

x2+9
è

y=
x2

6
.

24.5. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y2=2px è y2=
4

p
(x−p)3, (p>0).

24.6. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îêðóæíîñòÿìè x2+y2=
a2, x2+y2−2ay=a2 è ïðÿìîé y=a.

24.7. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y=
a3

a2+x2
,

y=
a2x

a2+x2
è îñüþ Oy.

24.8. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y=ex− 1 è
y=e2x−3, x=0.

24.9. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïàðàáîëîé y=3+2x−x2
è îñüþ Ox.

24.10. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé y=arcsinx è

ïðÿìûìè x=0, y=
π

2
.

24.11. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé y=lnx, êàñà-
òåëüíîé ê íåé â òî÷êå x=e è îñüþ Ox.
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24.12. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y=ln(x+2),
y=2 lnx, y=0.

24.13. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé àñòðîèäîé x=a cos3 t,
y=a sin3 t.

24.14. Íàéòè ïëîùàäü ïåòëè êðèâîé x=
1

3
t(3− t2), y= t2.

24.15. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îäíîé àðêîé öèêëîèäû
x=2(t−sin t), y=2(1−cos t) è îñüþ Ox.

24.16. Íàéòè ïëîùàäü ïåòëè êðèâîé x=2t− t2, y=2t2− t3.
24.17. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êàðäèîèäîé r=a(1+

sinφ).
24.18. Íàéòè ïëîùàäü îäíîãî ëåïåñòêà êðèâîé r=a sin 2φ.
24.19. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé r=a sin 5φ.
24.20. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè r2=2 cos 2φ,

r=1 (r>1).
24.21. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé r=a cos 3φ.
24.22. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îêðóæíîñòüþ r=

√
3 sinφ

è êàðäèîèäîé r=1−cosφ (âíå êàðäèîèäû).

24.2. Äëèíà äóãè êðèâîé

24.23. Íàéòè äëèíó ïîëóêóáè÷åñêîé ïàðàáîëû y2=
8

27
(x−1)3, ëåæà-

ùåé âíóòðè ïàðàáîëû y2=2x.
24.24. Íàéòè äëèíó äóãè êðèâîé y=2 ln(4−x2), ëåæàùåé âûøå îñè

Ox.

24.25. Íàéòè äëèíó äóãè êðèâîé y=
2

π
ln sin

πx

2
îò x=

1

2
äî x=

3

2
.

24.26. Íàéòè äëèíó äóãè ïîëóêóáè÷åñêîé ïàðàáîëû y2=5(x− 1)3,
îòñåêàåìîé ïðÿìîé x=2.

24.27. Íàéòè äëèíó äóãè êðèâîé x=a(3 cos t− cos 3t), y=a(3 sin t−
sin 3t) îò t=0 äî t=

π

2
.

24.28. Íàéòè äëèíó äóãè êðèâîé x=et cos t, y=et sin t îò t=0 äî t=1.

24.29. Íàéòè äëèíó äóãè êðèâîé x=
t6

6
, y=2− t4

4
ìåæäó òî÷êàìè åå

ïåðåñå÷åíèÿ ñ îñÿìè êîîðäèíàò.

24.30. Íàéòè äëèíó ïåòëè êðèâîé x=a(t2+1), y=
a

3
(t3−3t).

24.31. Íàéòè äëèíó äóãè êàðäèîèäû r=2(1− cosφ), íàõîäÿùåéñÿ
âíóòðè îêðóæíîñòè r=1.

24.32. Íàéòè äëèíó âñåé êðèâîé r=a cos3
φ

3
.
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24.33. Íàéòè äëèíó äóãè ñïèðàëè Àðõèìåäà r=5φ, íàõîäÿùåéñÿ
âíóòðè îêðóæíîñòè r=10π.

24.34. Íàéòè äëèíó âñåé êðèâîé r=a sin4
φ

4
.

24.3. Îáúåì òåë âðàùåíèÿ

24.35. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Ox
ôèãóðû, îãðàíè÷åííîé ëèíèÿìè 2y=x2 è 2x+2y−3=0.

24.36. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Ox
ôèãóðû, îãðàíè÷åííîé ëèíèÿìè y=e−2x−1, y=e−x+1, x=0.

24.37. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Oy
ôèãóðû, îãðàíè÷åííîé ëèíèÿìè y=x, y=x+sin2 x (06x6π).

24.38. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Oy

ôèãóðû, îãðàíè÷åííîé ëèíèÿìè y=
x2

2
+2x+2, y=2.

24.39. Íàéòè îáúåì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Ox
ôèãóðû, îãðàíè÷åííîé êðèâîé x=a cos t, y=a sin 2t è îñüþ Ox (06x6a).

25. Íåñîáñòâåííûå èíòåãðàëû

25.1. Èíòåãðàëû ñ áåñêîíå÷íûìè ïðåäåëàìè

Âû÷èñëèòü íåñîáñòâåííûå èíòåãðàëû (èëè óñòàíîâèòü èõ ðàñõîäèìîñòü):

25.1.

+∞∫
e

dx

x ln3 x
. 25.2.

+∞∫
e

dx

x
√
lnx

.

25.3.

+∞∫
−∞

dx

x2+6x+11
. 25.4.

+∞∫
0

dx

x2+4x+8
.

25.5.

+∞∫
−∞

arctg x dx

x2+1
. 25.6.

+∞∫
1

dx

(1+x2) arctg x
.

25.7.

+∞∫
0

x dx

x2+4
. 25.8.

+∞∫
1

1+2x

x2(1+x)
dx.

25.9.

+∞∫
2

x dx√
(x2+5)3

. 25.10.

+∞∫
1

x dx
3
√
1+x2

.
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25.11.

+∞∫
0

xe−x dx. 25.12.

+∞∫
0

xe−x2

dx.

25.13.

+∞∫
0

x3e−x2

dx. 25.14.

+∞∫
0

e−2x cosx dx.

25.15.

+∞∫
0

x cosx dx. 25.16.

+∞∫
1

x lnx

(1+x2)2
dx.

Èññëåäîâàòü íà ñõîäèìîñòü èíòåãðàëû:

25.17.

+∞∫
1

dx

3+2x2+5x4
. 25.18.

+∞∫
1

√
x3+

√
x2+1

x3+3x+1
dx.

25.19.

+∞∫
1

sinx
3
√
x
dx. 25.20.

+∞∫
1

dx√
x(x+1)(x+2)

.

25.21.

+∞∫
1

sin
1

x
2+x

√
x
dx. 25.22.

+∞∫
1

dx√
x+cos2 x

.

25.2. Èíòåãðàëû îò íåîãðàíè÷åííûõ ôóíêöèé

Âû÷èñëèòü íåñîáñòâåííûå èíòåãðàëû (èëè óñòàíîâèòü èõ ðàñõîäèìîñòü):

25.23.

1∫
0

dx

x2+x4
. 25.24.

2∫
0

x dx

(x2−1)
4
5

.

25.25.

e∫
1

dx

x ln3 x
. 25.26.

4∫
2

dx√
6x−x2−8

.

25.27.

2
3∫

1
3

dx

x
√
9x2−1

. 25.28.

2∫
0

x3 dx√
4−x2

.

25.29.

e2∫
1

dx

x
√
lnx

. 25.30.

1∫
0

dx√
x(1−x)

.

40



Èññëåäîâàòü íà ñõîäèìîñòü èíòåãðàëû:

25.31.

1∫
0

cos
1

x
3
√
x
dx. 25.32.

1∫
0

x2 dx√
1−x4

.

25.33.

1∫
0

ln
(
1+

3
√
x2
)

ex−1
dx. 25.34.

1∫
0

dx

ex−cosx
.

26. Äâîéíîé èíòåãðàë, åãî âû÷èñëåíèå â äåêàðòîâîé ñèñòåìå
êîîðäèíàò

Äëÿ äàííûõ ïîâòîðíûõ èíòåãðàëîâ íàïèñàòü óðàâíåíèÿ êðèâûõ, îãðà-
íè÷èâàþùèõ îáëàñòè èíòåãðèðîâàíèÿ, è ïîñòðîèòü ýòè îáëàñòè:

26.1.

2∫
1

dx

x+3∫
x

f(x, y) dy. 26.2.

1∫
−1

dx

2−x2∫
x2

f(x, y) dy.

26.3.

2∫
0

dy

√
4−y2∫

2−y

f(x, y) dx. 26.4.

1∫
0

dx

√
2−x2∫

√
x

f(x, y) dy.

Äëÿ óêàçàííûõ íèæå îáëàñòåé D çàïèñàòü äâîéíîé èíòåãðàë∫∫
D

f(x, y) dx dy

â âèäå ïîâòîðíûõ, âçÿòûõ â ðàçëè÷íûõ ïîðÿäêàõ:
26.5. D � ïàðàëëåëîãðàìì, îãðàíè÷åííûé ïðÿìûìè y=x, y=x−3,

y=2, y=4.
26.6. D � îáëàñòü, îãðàíè÷åííàÿ êðèâûìè y2=2x, x2+y2=4x, y=0

(y>0).

Èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ â ñëåäóþùèõ ïîâòîðíûõ èíòåãðà-
ëàõ:

26.7.

1∫
−1

dy

1−y2∫
y2−1

f(x, y) dx. 26.8.

4∫
0

dx

√
16−x2∫

√
4x−x2

f(x, y) dy.

26.9.

1∫
0

dy

y∫
y2

9

f(x, y) dx+

3∫
1

dy

1∫
y2

9

f(x, y) dx.

41



26.10.

2∫
−2

dx

x+2
2∫

0

f(x, y) dy+

10
3∫

2

dx

x+2
2∫

√
x2−4

f(x, y) dy.

26.11.

a∫
0

dx

a+
√
a2−x2∫

√
2ax−x2

f(x, y) dy. 26.12.

√
2∫

−
√
2

dy

y2

2∫
y2−1

f(x, y) dx.

Âû÷èñëèòü ïîâòîðíûå èíòåãðàëû:

26.13.

1∫
0

dx

2∫
0

(x2+y) dy. 26.14.

2∫
0

dx

x
√
3∫

x

x dy

x2+y2
.

26.15.

π
2∫

0

dφ

a(1+cosφ)∫
a cosφ

r dr. 26.16.

π
2∫

−π
2

dφ

2 cosφ∫
0

r3 dr.

Âû÷èñëèòü ñëåäóþùèå èíòåãðàëû:

26.17.
∫∫
D

xy dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè x+y=2, x2+

y2=2y.

26.18.
∫∫
D

(x2+y2) dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè y=x,

x+y=2, x=0.

26.19.
∫∫
D

y dx dy, ãäå îáëàñòü D � òðåóãîëüíèê ñ âåðøèíàìè O(0, 0),

A(1, 1), B(0, 1).

26.20.
∫∫
D

(x+2y) dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè y=x2,

y=
√
x.

26.21.
∫∫
D

(4−y) dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè x2=4y,

y=1, x=0 (x>0).

26.22.
∫∫
D

x dx dy

x2+y2
, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè y=x tg x,

y=x.
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26.23.
∫∫
D

√
a2+x2 dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè

y2−x2=a2, x=a, x=0, y=0 (y>0).

26.24.
∫∫
D

ex+y dx dy, ãäå îáëàñòüD îãðàíè÷åíà êðèâûìè y=ex, x=0,

y=2.

27. Çàìåíà ïåðåìåííûõ â äâîéíîì èíòåãðàëå. Äâîéíîé èíòåãðàë
â ïîëÿðíîé ñèñòåìå êîîðäèíàò

Ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì è ðàññòàâèòü ïðåäåëû èíòåãðèðîâà-
íèÿ ïî íîâûì ïåðåìåííûì â ñëåäóþùèõ èíòåãðàëàõ:

27.1.

3a
4∫

0

dx

√
ax−x2∫

a
√

3
2 −

√
3a2

4 −x2

f
(√

x2+y2
)
dy.

27.2.

a∫
0

dx

a+
√
a2−x2∫

√
ax

f(x, y) dy. 27.3.

1∫
0

dy

√
y∫

−√
y

f(x, y) dx.

27.4.
∫∫
D

f
(y
x

)
dx dy, ãäå îáëàñòü D îãðàíè÷åíà ëèíèÿìè

x2+y2=
√
6x, (x2+y2)2=9(x2−y2), y=0 (y>0, x6

√
6).

Ïåðåéäÿ ê ïîëÿðíûì êîîðäèíàòàì, âû÷èñëèòü ñëåäóþùèå èíòåãðàëû:

27.5.

a∫
0

dx

√
a2−x2∫
0

ex
2+y2

dy. 27.6.

a∫
0

dy

√
a2−y2∫

√
ay−y2

dx√
a2−x2−y2

.

27.7.
∫∫
D

√
x2+y2−9 dx dy, ãäå îáëàñòü D � êîëüöî ìåæäó äâóìÿ

îêðóæíîñòÿìè x2+y2=9 è x2+y2=25.

27.8.
∫∫
D

dx dy√
a2−x2−y2

, ãäå îáëàñòü D � ÷àñòü êðóãà ðàäèóñà a ñ

öåíòðîì â òî÷êå O(0, 0), ëåæàùàÿ â ïåðâîé ÷åòâåðòè.

27.9.
∫∫
D

(x2+y2) dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè

x2+y2=ax, x2+y2=2ax, y=0 (y>0).
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27.10.
∫∫
D

x dx dy

x2+y2
, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè x2=ay, x2+

y2=2a2, y=0 (x>0, a>0).

27.11.
∫∫
D

x
√
x2+y2 dx dy, ãäå îáëàñòü D îãðàíè÷åíà ëåïåñòêîì ëåì-

íèñêàòû (x2+y2)2=a2(x2−y2) (x>0).

Ïåðåéòè ê íîâûì ïåðåìåííûì u è v è ðàññòàâèòü ïðåäåëû èíòåãðèðî-
âàíèÿ â ñëåäóþùèõ èíòåãðàëàõ:

27.12.
∫∫
D

f(x, y) dx dy, ãäå îáëàñòü D îïðåäåëåíà íåðàâåíñòâàìè x>

0, y>0, x+y6a. Ïîëîæèòü u=x+y, ay=uv.
27.13.

∫∫
D

f(x, y) dx dy, ãäå îáëàñòü D îãðàíè÷åíà êðèâûìè x2=ay,

x2=by, y2=px, y2=qx (0<a<b, 0<p<q). Ïîëîæèòü x2=uy, y2=vx.

27.14.

3∫
0

dx

3−x∫
1−x

f(x, y) dy. Ïîëîæèòü u=x+y, v=x−y.

Âû÷èñëèòü ñëåäóþùèå äâîéíûå èíòåãðàëû:

27.15.
∫∫
D

dx dy√
c2− x2

a2
− y2

b2

, (c>1), ãäå îáëàñòü D îãðàíè÷åíà ýëëèï-

ñîì
x2

a2
+
y2

b2
=1 (ïåðåéòè ê îáîáùåííûì ïîëÿðíûì êîîðäèíàòàì r è φ ïî

ôîðìóëàì x=ar cosφ, y=br sinφ).

27.16.
∫∫
D

e(x+y)2 dx dy, ãäå îáëàñòü D çàäàíà íåðàâåíñòâàìè x>0,

y>0, x+y61 (ïðîèçâåñòè çàìåíó ïåðåìåííûõ x=u(1−v), y=uv).

28. Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð

28.1. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y2=4ax+4a2

è x+y=2a (a>0).
28.2. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè xy=4 è x+y=

5.

28.3. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y=
8a3

x2+4a2
,

x=2y, x=0 (a>0).
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28.4. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè (x−1)(y+2)=2
è x+y=2.

28.5. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè y=
a3

a2+x2
,

y=
a2x

a2+x2
è îñüþ Oy (a>0).

28.6. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îñüþ Oy, ïàðàáîëîé
(x−a)2=2p(y− b) è êàñàòåëüíîé ê íåé â òî÷êå ñ àáñöèññîé x=c (c>a>
0, p>0).

28.7. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè x2+y2=2ax,
x2+y2=2bx, y=x, y=0 (0<a<b).

28.8. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè (x2+y2)2=
2a2(x2−y2) è x2+y2=2ax.

28.9. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ïåòëåé êðèâîé (x+y)4=
ax2y, ëåæàùåé â ïåðâîé ÷åòâåðòè (a>0).

28.10. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé (x2+ y2)4=
a2x2y4.

28.11. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé (x2+ y2)2=
a2xy.

28.12. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâîé (x2+ y2)2=
a2(2x2+3y2).

28.13. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé êðèâûìè r=a(1−
cosφ) è r=a (âíå êàðäèîèäû).

28.14. Íàéòè ïëîùàäü ôèãóðû, ëåæàùåé â ïåðâîé ÷åòâåðòè, îãðàíè-

÷åííîé êðèâûìè r=a tgφ, r=
a

cosφ
è ïîëÿðíîé îñüþ.

28.15. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëåìíèñêàòîé Áåðíóëëè
r2=a2 sin 2φ.

28.16. Íàéòè ïëîùàäü ôèãóðû, îãðàíè÷åííîé îêðóæíîñòüþ r=
√
3 sinφ

è êàðäèîèäîé r=1−cosφ (âíå êàðäèîèäû).

29. Âû÷èñëåíèå îáúåìîâ òåë

29.1. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè y=x2, z=y,
z+y=2.

29.2. Íàéòè îáúåì öèëèíäðà x2+y2=2x, ñòîÿùåãî íà ïëîñêîñòè z=0
è îãðàíè÷åííîãî ñâåðõó ãèïåðáîëè÷åñêèì ïàðàáîëîèäîì z=xy.

29.3. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x=0, z=0,

z=4−y2 è y= x2

2
.
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29.4. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè y=x2, x+y=
2, x=0, z=0, z=xy.

29.5. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè y=
√
x, y=√

2−x, z=0, z=y.
29.6. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z2−x2=a2,

z2−y2=a2, z=a
√
2 (a>0).

29.7. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2−y2=2az,
x2+y2=a2, z=0 (âíóòðè öèëèíäðà: a>0).

29.8. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè z=x2+ y2,
z=2(x2+y2), y=x, y2=x.

29.9. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè x2+y2=az,
x2+y2=ax, z=0.

29.10. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî ñôåðîé x2+y2+z2=4a2 è
ïàðàáîëîèäîì x2+y2=3az (âíóòðè ïàðàáîëîèäà).

29.11. Íàéòè îáúåì òåëà, îãðàíè÷åííîãî êîíóñîì x2+y2=z2 è ïàðà-
áîëîèäîì x2+y2=8−2z, z>0.

30. Äèôôåðåíöèàëüíûå óðàâíåíèÿ 1-ãî ïîðÿäêà.
Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè

Ïîêàçàòü, ÷òî çàäàííûå âûðàæåíèÿ îïðåäåëÿþò îáùèå ðåøåíèÿ èëè
îáùèå èíòåãðàëû ñîîòâåòñòâóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

30.1. y=x(C− ln |x|), (x−y) dx+x dy=0.

30.2. y=x

(
x∫
1

et

t
dt+C

)
, xy′−y=xex.

30.3. Íàïèñàòü óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿþò âñå òî÷êè ýêñ-
òðåìóìà èíòåãðàëüíûõ êðèâûõ äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′=f(x, y).
Êàê îòëè÷èòü òî÷êè ìàêñèìóìà îò òî÷åê ìèíèìóìà?

30.4. Íàïèñàòü óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿþò âñå òî÷êè ïåðå-
ãèáà èíòåãðàëüíûõ êðèâûõ äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′=f(x, y).

Ñîñòàâèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ ñåìåéñòâ êðèâûõ:
30.5. Ïàðàáîë y=x2+2ax.
30.6. Ãèïåðáîë x2−y2=2ax.
30.7. y=sinx+C cosx.
30.8. Ñîñòàâèòü äèôôåðåíöèàëüíîå óðàâíåíèå ñåìåéñòâà êðèâûõ, ó

êîòîðûõ îòðåçîê ëþáîé íîðìàëè, çàêëþ÷åííûé ìåæäó îñÿìè êîîðäèíàò,
äåëèòñÿ ïîïîëàì â òî÷êå êàñàíèÿ.
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Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

30.9. y′
√

1−x2=1+y2. 30.10. y′+
x sinx

y cos y
=0.

30.11. 2(1+y2)x dx+(1+x2) dy=0.

30.12. xy dx+
√
1−x2 dy=0.

30.13. ye2xdx−
(
1+e2x

)
dy=0.

30.14. (1+y)(exdx−e2ydy)−(1+y2) dy=0.
30.15. y′(x2+1)=2xy. 30.16. y′ tg x+y=1.

30.17. y′=
1

2x+y
. 30.18. y′=(4x+y+1)2.

Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëî-
âèÿì:

30.19. (1+y2) dx−xy dy=0; y(1)=0.
30.20. (xy2+x) dy+(x2y−y) dx=0; y(1)=1.

30.21. y′ tg x=y; y
(π
2

)
=1.

30.22. xy′=y ln y; y(1)=e.

31. Îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Îïðåäåëèòü ïîðÿäîê îäíîðîäíîñòè èëè íåîäíîðîäíîñòè ôóíêöèé:

31.1. f(x, y)=
xy+y2

x2+y2
. 31.2. f(x, y)=x+

√
xy.

31.3. f(x, y)=
1+x

x−y
. 31.4. f(x, y)=xy+y.

31.5. f(x, y)=
y(ln y− lnx)

x
. 31.6. f(x, y)=

y

x
sin

y

x
.

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

31.7. y′=
y

x
+
x

y
. 31.8. y′=

y

x
+sin

y

x
.

31.9. x dy−y dx=x dx. 31.10. xy′+y=yy′−x.

31.11. y′=
x−y
x+y

. 31.12. (x−y) dx+x dy=0.

31.13. (x2+xy)y′=x
√
x2−y2+xy+y2.

31.14. (2x−y+1) dx+(2y−x−1) dy=0.
31.15. (y+2) dx−(2x+y−4) dy=0.
31.16. (x+y+1) dx+(2x+2y−1) dy=0.
31.17. (x−y+4) dx−(x+y−2) dy=0.
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Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé, óäîâëåòâîðÿþùèå äàííûì íà÷àëü-
íûì óñëîâèÿì:

31.18. xy′=y ln
y

x
; y(1)=e2.

31.19. (
√
xy−x) dy+y dx=0; y(1)=1.

31.20. (y+
√
x2+y2) dx−x dy=0; y(1)=0.

32. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è óðàâíåíèÿ
Áåðíóëëè

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ:

32.1. y′+2xy=xe−x2

. 32.2. y′+2y=e3x.

32.3. y′+
y

1+x
=x2. 32.4. y′+

y

x
=2 lnx+1.

32.5. (1+x2)y′=2xy+(1+x2)2. 32.6. y′=
2y

x+1
+ex(x+1)2.

32.7. y′ cosx+y sinx=1. 32.8. y′=
y

x+y3
.

32.9. (1+y2) dx=(arctg y−x) dy. 32.10. y′(sin y−x)=1.

Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé, óäîâëåòâîðÿþùèå çàäàííûì íà-
÷àëüíûì óñëîâèÿì:

32.11. y′+y tg x=
1

cosx
; y(0)=0.

32.12. y′=2y+ex−x; y(0)=
1

4
.

32.13. y′=
y

2y ln y+y−x
; y(1)=1.

32.14. y′+y cosx=sinx ·cosx; y(0)=0.

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ Áåðíóëëè:

32.15. y′+4xy=2xe−x2√
y. 32.16. y′=y ctg x+

y3

sinx
.

32.17. y′=
2x

x2 cos y+sin 2y
. 32.18. y dx−(4x2y+x) dy=0.

Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé Áåðíóëëè, óäîâëåòâîðÿþùèå çàäàí-
íûì íà÷àëüíûì óñëîâèÿì:

32.19. 3 dy=(1−3y3)y sinx dx; y
(π
2

)
=1.

32.20. y dx+
(
x− 1

2
x3y
)
dy=0; y

(1
2

)
=1.

32.21. Íàéòè óðàâíåíèÿ êðèâûõ, ó êîòîðûõ ïëîùàäü òðàïåöèè, îãðà-
íè÷åííîé îñÿìè êîîðäèíàò, êàñàòåëüíîé è îòðåçêîì, ñîåäèíÿþùèì òî÷êó
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êàñàíèÿ ñ åå ïðîåêöèåé íà îñü àáñöèññ, åñòü âåëè÷èíà ïîñòîÿííàÿ, ðàâíàÿ
3d2.

33. Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ.
Ïðèëîæåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé 1-îãî ïîðÿäêà

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïðåäâàðèòåëüíî óáåäèâøèñü,
÷òî îíè ÿâëÿþòñÿ óðàâíåíèÿìè â ïîëíûõ äèôôåðåíöèàëàõ:

33.1. (2x+y) dx+(x+2y) dy=0.
33.2. (10xy−8y+1) dx+(5x2−8x+3) dy=0.

33.3.
(
2x+e

x
y

)
dx+

(
1− x

y

)
e

x
y dy=0.

33.4. 2x cos2 y dx+(2y−x2 sin 2y) dy=0.
33.5. e−ydx−(2y+xe−y) dy=0.

33.6.
(
y2exy

2

+6x−8
)
dx+

(
2xyexy

2 −8y
)
dy=0.

33.7. Íàéòè óðàâíåíèå êðèâîé, ïðîõîäÿùåé ÷åðåç òî÷êó (1, 2), åñëè
åå ïîäêàñàòåëüíàÿ âäâîå áîëüøå àáñöèññû òî÷êè êàñàíèÿ.

33.8. Íàéòè óðàâíåíèå êðèâîé, ïðîõîäÿùåé ÷åðåç òî÷êó (
1

2
,−1), åñëè

äëèíà îòðåçêà ïîëóîñè àáñöèññ, îòñåêàåìîãî åå êàñàòåëüíîé, ðàâíà êâàäðà-
òó àáñöèññû òî÷êè êàñàíèÿ.

33.9. Íàéòè óðàâíåíèÿ êðèâûõ, ó êîòîðûõ äëèíà îòðåçêà íîðìàëè
ïîñòîÿííà è ðàâíà a.

33.10. Íàéòè óðàâíåíèå êðèâîé, ïðîõîäÿùåé ÷åðåç òî÷êó (1, 0), åñëè
äëèíà îòðåçêà îñè àáñöèññ, îòñåêàåìîãî åå íîðìàëüþ, íà 2 áîëüøå àáñöèññû
òî÷êè êàñàíèÿ.

33.11. Íàéòè óðàâíåíèå êðèâîé, ïðîõîäÿùåé ÷åðåç òî÷êó (3, 1), åñëè
äëèíà îòðåçêà, îòñåêàåìîãî ëþáîé åå êàñàòåëüíîé íà îñè îðäèíàò, ðàâíà
ïîäíîðìàëè.

33.12. Ñêîðîñòü íàêîïëåíèÿ êàïèòàëà ïðîïîðöèîíàëüíà êîðíþ êâàä-
ðàòíîìó èç êîëè÷åñòâà ýòîãî êàïèòàëà â äàííûé ìîìåíò. Ñêîëüêî áóäåò
íàêîïëåíî ÷åðåç 3 ãîäà, åñëè íà÷àëüíûé êàïèòàë ñîñòàâëÿë 10.000 ðóáëåé,
à ÷åðåç ãîä îí ñòàë 12.100 ðóáëåé?

34. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ,
äîïóñêàþùèå ïîíèæåíèå ïîðÿäêà

Ðåøèòü äèôôåðåíöèàëüíûå óðàâíåíèÿ, èñïîëüçóÿ ìåòîä ïîíèæåíèÿ
ïîðÿäêà:

34.1. y′′=
1

1+x2
. 34.2. y′′=x+sinx.
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34.3. y′′′=x3+3x. 34.4. yIV =(x+3)−3.

34.5. y′′+2xy′2=0. 34.6. xy′′=y′+x sin
y′

x
.

34.7. xy′′=y′ ln
y′

x
. 34.8. x3y′′+x2y′=1.

34.9. y′′′=2(y′′−1) ctg x. 34.10. x2y′′′=y′′2.

34.11. xy′′′+y′′=x+1. 34.12. y′′=
y′

x
+
x2

2y′
.

34.13. yy′′=y′−y′2. 34.14. y3y′′+1=0.

34.15. yy′′+y−y′2=0. 34.16. yy′′−2yy′ ln y=y′2.

34.17. y′′ tg y=2y′2. 34.18. (y−1)y′′=2y′2.

Íàéòè ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâîðÿ-
þùèå íà÷àëüíûì óñëîâèÿì:

34.19. (1+x2)y′′=2xy′, y(0)=1, y′(0)=3.

34.20. y′′=
y′

x
+
x2

y′
, y(2)=0, y′(2)=4.

34.21. (1+x2)y′′+y′2+1=0, y(0)=1, y′(0)=1.

34.22.
y′′

y′
=

2yy′

1+y2
, y(0)=0, y′(0)=1.

34.23. yy′′−y′2=y2, y(0)=1, y′(0)=0.
34.24. 2yy′′+y2−y′2=0, y(0)=1, y′(0)=1.

34.25. Íàéòè èíòåãðàëüíóþ êðèâóþ óðàâíåíèÿ yy′′+y′2−1=0, ïðî-
õîäÿùóþ ÷åðåç òî÷êóM0(0, 1) è êàñàþùóþñÿ â ýòîé òî÷êå ïðÿìîé x+y=1.

34.26. Ïîêàçàòü, ÷òî ïàðàìåòðè÷åñêè çàäàííàÿ ôóíêöèÿ{
x=ln t
y= t(ln t−1)

ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ y′′=
y′

x

(
1+ln

y′

x

)
.

35. Ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Ïî äàííûì êîðíÿì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ëèíåéíîãî îäíî-
ðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
ñîñòàâèòü äèôôåðåíöèàëüíîå óðàâíåíèå è íàïèñàòü åãî îáùåå ðåøåíèå:

35.1. k1,2=1, k3,4=2± i. 35.2. k1,2,3,4=−1.

35.3. k1,2,3=0, k4,5,6,7=±i. 35.4. k1,2=1, k3,4=−1.
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Ïî äàííûì êîðíÿì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ëèíåéíîãî îäíî-
ðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
íàïèñàòü îáùåå ðåøåíèå:

35.5. k1,2=0, k3,4,5=2, k6,7=2±3i, k8,9,10,11=±i.
35.6. k1,2,3=1, k4=−3, k5,6,7,8=1±2i, k9,10=−3± i.
35.7. k1=2, k2,3,4,5=−2, k6,7,8,9,10,11=2±3i.
35.8. k1,2=0, k3,4,5,6,7=−1, k8,9=−2±4i.

Íàéòè îáùèå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé:
35.9. y′′−4y′+3y=0. 35.10. y′′−2y′−3y=0.

35.11. y′′−4y′+4y=0. 35.12. y′′+6y′+9y=0.

35.13. y′′+6y′+13y=0. 35.14. y′′−4y′+5y=0.

35.15. y′′+3y′=0. 35.16. y′′+2y′+10y=0.

35.17. y′′′−5y′′+17y′−13y=0. 35.18. yIV +2y′′′+y′′=0.

35.19. yIV −8y′′+16y=0. 35.20. yV −6yIV +9y′′′=0.

35.21. yV I −2yV +3yIV −4y′′′+3y′′−2y′+y=0.

Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé ïî äàííûì íà÷àëüíûì óñëîâèÿì:
35.22. y′′−5y′+4y=0; y(0)=y′(0)=1.
35.23. y′′−2y′+y=0; y(2)=1, y′(2)=−2.
35.24. y′′′−y′=0; y(0)=3, y′(0)=−1, y′′(0)=1.
35.25. Íàéòè èíòåãðàëüíóþ êðèâóþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′′+y=0, êàñàþùóþñÿ â òî÷êå O(0, 0) ïðÿìîé y=x.
35.26. Íàéòè èíòåãðàëüíóþ êðèâóþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′′−4y′+3y=0, êàñàþùóþñÿ â òî÷êå M0(0, 2) ïðÿìîé x−y+2=0.

36. Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

36.1. Ìåòîä âàðèàöèè ðåøåíèÿ íåîäíîðîäíûõ óðàâíåíèé

Ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ ðåøèòü ñëåäóþùèå óðàâ-
íåíèÿ:

36.1. y′′+3y′+2y=
1

ex+1
. 36.2. y′′+4y=

1

sin2 x
.

36.3. y′′−2y′+y=
ex√
4−x2

. 36.4. y′′+4y′+4y=e−2x lnx.

36.5. y′′−3y′+2y=
e2x

e2x+1
. 36.6. y′′+4y=tg 2x.

36.7. y′′−2y′+2y=
ex

sinx
. 36.8. y′′−2y′+y=

ex

x3
.
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36.9. y′′−y= e2x

ex+2
. 36.10. y′′−2y′+y=ex ln(x+3).

Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëî-
âèÿì:

36.11. y′′−y= 1

1+ex
, y(0)=1, y′(0)=ln 2.

36.12. y′′−2y′+y=
ex√
4−x2

, y(0)=1, y′(0)=5.

36.2. Íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñî ñïåöèàëüíîé ïðàâîé ÷àñòüþ

Äëÿ êàæäîãî èç äàííûõ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
íàïèñàòü âèä åãî ÷àñòíîãî ðåøåíèÿ ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè
(÷èñëîâûõ çíà÷åíèé êîýôôèöèåíòîâ íå íàõîäèòü):

36.13. y′′−8y′+16y=(1−x2)e4x. 36.14. y′′−4y′=2x cos2 4x.

36.15. yIV +2y′′+y=x sinx.
36.16. y′′−4y′+13y=e2x(x2 cos 3x−x sin 3x).

Íàéòè îáùèå ðåøåíèÿ ñëåäóþùèõ óðàâíåíèé:
36.17. y′′−y=(4x−2)e−x. 36.18. y′′′−3y′′+3y′−y=12ex.

36.19. y′′−3y′+2y=2xex. 36.20. y′′−2y′=(x2+2)ex.

36.21. y′′−4y′+4y=(6x+4)e2x. 36.22. y′′′−3y′′=−60x3−12x2+12x.

36.23. y′′−y=2x cosx. 36.24. y′′+9y=10 cos 2x−5 sin 2x.

36.25. y′′+y=5e−x cosx. 36.26. y′′+y′=3 cos 2x−10x sin 2x.

36.27. y′′+4y=8 sin 2x. 36.28. y′′+y=8x cosx.
36.29. y′′−2y′+2y=ex(4 cosx+2 sinx).
36.30. yIV +y′′=12(x2+x).

Íàéòè ÷àñòíûå ðåøåíèÿ óðàâíåíèé, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëî-
âèÿì:

36.31. y′′−2y′=2ex; y(1)=−1, y′(1)=0.
36.32. y′′′−y′=−2x; y(0)=0, y′(0)=2, y′′(0)=2.

36.33. y′′+4y=x; y(0)=1, y
(π
4

)
=
π

2
.

36.34. y′′+y=4ex; y(0)=4, y′(0)=−3.
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37. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

Íàéòè îáùåå ðåøåíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

37.1.

{
y′=z,
z′=−2y+3z.

37.2.

{
y′=4y−z,
z′=2y+z.

37.3.

{
y′=y−4z,
z′=y+5z.

37.4.

{
y′=5y−z,
z′=y+3z.

37.5.

{
y′=2y−5z,
z′=5y−6z.

37.6.

{
y′=y−5z,
z′=y−3z.

37.7.

{
y′=y+2z,
z′=−2y+z.

37.8.

 x′=x−z,
y′=x,
z′=x−y.

Íàéòè ÷àñòíûå ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, óäî-
âëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì:

37.9.

{
y′=y+3z,
z′=−y+5z, y(0)=3, z(0)=1.

37.10.

{
y′=−y+2z,
z′=−2y−5z, y(0)=0, z(0)=1.

37.11.

{
y′=y−3z,
z′=3y+z, y(0)=2, z(0)=1.

37.12.

 x′=y+z,
y′=z+x,
z′=x+y, x(0)=2, y(0)=2, z(0)=−1.

Íàéòè îáùèå ðåøåíèÿ ñèñòåì íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

37.13.

{
y′=y−z,
z′=y+z+ex.

37.14.

{
y′=5y−3z+xe2x,
z′=3y−z+e3x.

Èíäèâèäóàëüíîå çàäàíèå

37.15. 10x5y′+y5=0. 37.16. xyy′=1−x2.
37.17. y′x=

y

ln3 x
. 37.18. 3xy′+y2=1.

37.19. 2x−2y+3x−2yy′=0. 37.20. y′=tg 2x ·tg 2y.
37.21. y′=

y

x
cos ln

y

x
. 37.22. xy′(ln y− lnx)=y.

37.23. (x2−1)y′−xy=x3−x. 37.24. xy′=2(y−√
xy).

37.25. y′−2xy=x. 37.26. y′+y=e−x.

37.27. eydx+(xey−2y) dy=0. 37.28. xy′=x+2y.
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37.29. (2xy2−y) dx+x dy=0. 37.30. y′(x+sin y)=1.

37.31. (x3+ln y) dx+
x

y
dy=0. 37.32. x dy+y dx=x5y2dx.

37.33. y′′=sin 10x ·sin 15x. 37.34. y′′=cos
x

2
·cos x

3
.

37.35. x(y′′+1)+y′=0. 37.36. y′′=2y′+x.

37.37. y′′′=2(y′′−1) ctg x. 37.38. 2yy′′=y′2.

37.39. y′′y3=1. 37.40. 9y′′+6y′+y=0.

37.41. y′′−6y′+8y=0. 37.42. y′′−4y′+20y=0.

37.43. y′′+4y′+40y=0. 37.44. y′′+4y=
1

sin 2x
.

37.45. y′′−4y′+5y=
e2x

cosx
. 37.46. y′′+4y′+4y=2xe−2x.

37.47. (2x+4y+3) dy−(x+2y+1) dx=0.
37.48. (x+y+4) dy−(2x+2y+1) dx=0.
37.49. (x4+6x2y2+y4) dx+4xy(x2+y2) dy=0.
37.50. 2x cos2 y dx−(1+x2 sin 2y) dy=0.

37.51.
( x

sin y
+2
)
dx+

cos y

cos 2y−1
(x2+1) dy=0.

37.52. (15x2y2−5) dx+(10x3y+12y3+6) dy=0.
37.53. 1+yy′′+y′2=0, y(1)=1, y′(1)=0.
37.54. (y′′x−y′)y′=x3, y(1)=1, y′(1)=0.
37.55. y′′−4y=0, y(0)=0, y′(0)=8.
37.56. (1+yy′)y′′=(1+y′2)y′, y(0)=1, y′(0)=1.
37.57. y′′+2y′=0, y(0)=0, y′(0)=4.
37.58. y′′−2y′+y=(6x2+8)ex.
37.59. y′′−2y′+5y=ex(x cos 2x−x2 sin 2x).
37.60. y′′+y=(3x−2) sin 2x+(x2+x+2) cos 2x.

37.61.

{
y′=y−9z,
z′=y+z.

37.62.

{
y′=y+z,
z′=−2y+3z.

38. ×èñëîâûå ðÿäû ñ ïîëîæèòåëüíûìè ÷ëåíàìè

Ïîêàçàòü, ÷òî ñëåäóþùèå ðÿäû ñõîäÿòñÿ, è íàéòè èõ ñóììû:

38.1.
∞∑

n=1

1

n(n+1)(n+2)
. 38.2.

∞∑
n=1

1

(2n−1)(2n+1)
.

Èñïîëüçóÿ íåîáõîäèìûé ïðèçíàê ñõîäèìîñòè ðÿäà, óñòàíîâèòü ðàñõî-
äèìîñòü äàííûõ ðÿäîâ:

38.3.
∞∑

n=1

n+5√
n2+2n

. 38.4.
∞∑

n=1

n3+3n+1

n2+4
.
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38.5.
∞∑

n=1

2n

n2+1
. 38.6.

∞∑
n=1

n+1

ln(n+2)
.

Èñïîëüçóÿ ïðèçíàê ñðàâíåíèÿ èëè ïðåäåëüíûé ïðèçíàê ñðàâíåíèÿ, èñ-
ñëåäîâàòü íà ñõîäèìîñòü äàííûå ðÿäû:

38.7.
∞∑

n=1

1

3n−2
. 38.8.

∞∑
n=1

1

(2n−1)2
.

38.9.
∞∑

n=1

n+3

n2+2
. 38.10.

∞∑
n=1

1√
n(n+1)(n+2)

.

38.11.
∞∑

n=1

sin2
π

n
. 38.12.

∞∑
n=1

ln
(
1+

1

n

)
.

Ïîëüçóÿñü ïðèçíàêîì Äàëàìáåðà, èññëåäîâàòü íà ñõîäèìîñòü äàííûå
ðÿäû:

38.13.
∞∑

n=1

n2+5

2n
. 38.14.

∞∑
n=1

nn

n!
.

38.15.
∞∑

n=1

(n+1)2n

3n+1
. 38.16.

∞∑
n=1

n50

2n
.

38.17.
3

1
+

3 ·5
1 ·4

+ . . .+
3 ·5 . . . (2n+1)

1 ·4 . . . (3n−2)
+ . . ..

38.18. 1+
1 ·11
3!

+
1 ·11 ·21

5!
+ . . .+

1 ·11 ·21 . . . (10n−9)

(2n−1)!
+ . . ..

Èñïîëüçóÿ ïðèçíàê Êîøè, èññëåäîâàòü íà ñõîäèìîñòü äàííûå ðÿäû:

38.19.
∞∑

n=1

(
n−1

2n+1

)n

. 38.20.
∞∑

n=1

(
1+

1

n

)n2

.

38.21.
∞∑

n=1

(
5n2+1

3n2+4

)2n

. 38.22.
∞∑

n=1

nn

(2n+1)n−1
.

Èñïîëüçóÿ èíòåãðàëüíûé ïðèçíàê Êîøè, èññëåäîâàòü íà ñõîäèìîñòü
äàííûå ðÿäû:

38.23.
∞∑

n=2

1

n ln2 n
. 38.24.

∞∑
n=2

1

n
√
lnn

.

38.25.
∞∑

n=2

1

n lnn
. 38.26.

∞∑
n=3

1

n lnn(ln lnn)2
.

Èññëåäîâàòü íà ñõîäèìîñòü äàííûå ðÿäû:

55



38.27.
∞∑

n=1

n2

3n
. 38.28.

∞∑
n=1

n

n3+1
.

38.29.
∞∑

n=1

(3n+1)2n

(2n−1)2n−1
. 38.30.

∞∑
n=1

(
1− 1

n

)n2

.

38.31.
∞∑

n=1

(n!)2

(2n)!
. 38.32.

∞∑
n=1

sin
π

2n2
.

38.33.
∞∑

n=3

1

n lnn ln lnn
. 38.34.

∞∑
n=1

en ·n!
nn

.

38.35.
∞∑

n=1

√
n

(3n+1)(2
√
n−1)

. 38.36.
∞∑

n=1

(
n

n+2

)n

.

38.37.
1

2
+

1 ·5
6!!

+
1 ·5 ·9
10!!

+ . . .+
1 ·5 ·9 . . . (4n−3)

(4n−2)!!
+ . . ..

38.38. 2+
2 ·5
1 ·5

+
2 ·5 ·8
1 ·5 ·9

+ . . .+
2 ·5 ·8 . . . (3n−1)

1 ·5 ·9 . . . (4n−3)
+ . . ..

38.39.
1

100
+

1 ·4
100 ·102

+
1 ·4 ·7

100 ·102 ·104
+ . . .

. . .+
1 ·4 ·7 . . . (3n−2)

100 ·102 ·104 . . . (2n+98)
+ . . ..

39. Çíàêî÷åðåäóþùèåñÿ ðÿäû. Ïðèçíàê Ëåéáíèöà

Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü äàííûå ðÿäû:

39.1.
∞∑

n=1

(−1)n
1

3n+1
. 39.2.

∞∑
n=1

(−1)n

n
√
n
.

39.3.
∞∑

n=1

(−1)n
n

5n−2
. 39.4.

∞∑
n=1

(−1)n(n+1)√
n3+4n+1

.

39.5.
∞∑

n=1

(−1)n
(
2n−1

3n+2

)n

. 39.6.
∞∑

n=1

(−1)n
(
2n+3

n+1

)n

.

39.7.
∞∑

n=2

(−1)n
lnn

n
. 39.8.

∞∑
n=2

(−1)n

n
√
lnn

.

39.9.
∞∑

n=3

(−1)n

n lnn
√
ln lnn

. 39.10.
∞∑

n=3

(−1)n

n lnn(ln lnn)3
.

39.11.
∞∑

n=1
(−1)n+1 1 ·4 ·7 . . . (3n−2)

3 ·5 ·7 . . . (2n+1)
.
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39.12.
∞∑

n=1

(−1)n n!

(2n−1)!!
.

Óáåäèòüñÿ â òîì, ÷òî ê ðÿäàì
∞∑

n=1
un ñ óêàçàííûìè íèæå ÷ëåíàìè

(k∈N) íåëüçÿ ïðèìåíèòü ïðèçíàê Ëåéáíèöà. Èññëåäîâàòü ýòè ðÿäû íà ñõî-
äèìîñòü äðóãèìè ñïîñîáàìè:

39.13. u2k−1=
1√

k+1+1
, u2k=− 1√

k+1−1
.

39.14. u2k−1=
1

3k+2
, u2k=− 1

3k−1
.

39.15. u2k−1=
1

3k
, u2k=− 1

2k
.

40. Ôóíêöèîíàëüíûå ðÿäû

Íàéòè îáëàñòè ñõîäèìîñòè ðÿäîâ (x∈R). Èññëåäîâàòü ðÿäû íà àáñî-
ëþòíóþ ñõîäèìîñòü.

40.1.
∞∑

n=1

(−1)nn−x. 40.2.
∞∑

n=1

cosnx

n
√
n
.

40.3.
∞∑

n=1

1

n!(x+3)n
. 40.4.

∞∑
n=1

nx.

40.5.
∞∑

n=1

e−n2x. 40.6.
∞∑

n=1

lnn x

n
.

Íàéòè îáëàñòè àáñîëþòíîé ñõîäèìîñòè óêàçàííûõ ðÿäîâ:

40.7.
∞∑

n=1

1

(x−2)n
. 40.8.

∞∑
n=1

1

n(x+1)n
.

40.9.
∞∑

n=1

n2n

(x−3)2n
. 40.10.

∞∑
n=1

nenx.

40.11.
∞∑

n=1

(
x−2

1−2x

)n

. 40.12.
∞∑

n=1

(
x−1

x+1

)n

.

Íàéòè îáëàñòü ñõîäèìîñòè è îáëàñòü ðàâíîìåðíîé ñõîäèìîñòè óêàçàí-
íûõ ðÿäîâ:

40.13.
∞∑

n=1

(−1)n

n(x+2)n
. 40.14.

∞∑
n=1

1

n(x+1)n
.

40.15.
∞∑

n=1

(−1)n
(x−1)n

n2
. 40.16.

∞∑
n=1

1

n2(x+1)n
.
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40.17.
∞∑

n=1

enx

n2
. 40.18.

∞∑
n=1

sinnx

n2
.

41. Ñòåïåííûå ðÿäû

Èññëåäîâàòü ðÿäû íà àáñîëþòíóþ è ðàâíîìåðíóþ ñõîäèìîñòü:

41.1.
∞∑

n=1

(x−1)n

2n ·n2
. 41.2.

∞∑
n=1

(x+1)n

n ·2n
√
2n+1

.

41.3.
∞∑

n=1

(−1)n
(x+2)2n

n
. 41.4.

∞∑
n=2

(−1)n
2n+1(x−4)n

n
√
lnn

.

41.5.
∞∑

n=1

(−1)n
(x−3)2n

(2n+1)3n
. 41.6.

∞∑
n=1

(−1)n
nxn

3n−2
.

41.7.
∞∑

n=1

( n

4n−1

)2n+1

2n(x−1)n. 41.8.
∞∑

n=1

(2n+1)xn

n!
.

41.9.
∞∑

n=1

(3n+1)(x−1)n. 41.10.
∞∑

n=1

(x−3)2n+1

3n(2n+1)
.

41.11.
∞∑

n=1

(−1)n+1 (x−3)n

(2n+1)4n
. 41.12.

∞∑
n=2

x3n−1

8n+1n ln3 n
.

41.13.
∞∑

n=2

(−1)n
xn

n2n lnn
. 41.14.

∞∑
n=1

(2n−1

3n+2

)2n+1

(x−1)n.

41.15.
∞∑

n=1

(−1)n+1 2
n(x−3)2n−1

n(n+1)
. 41.16.

∞∑
n=1

(x+3)n

n
√
n

.

41.17.
∞∑

n=2

(x−3)2n

n2n ln2 n
. 41.18.

∞∑
n=1

xn
2

n!2n
.

41.19. Ïóñòü ñòåïåííîé ðÿä
∞∑

n=0
an(x− a)n ñõîäèòñÿ íà èíòåðâàëå

|x−a|<R, R>0, è f(x) � ñóììà ýòîãî ðÿäà. Ïîêàçàòü, ÷òî çíà÷åíèÿ ïðî-
èçâîäíûõ f (n)(x) â òî÷êå a ìîæíî âûðàçèòü ÷åðåç êîýôôèöèåíòû ðÿäà ïî
ôîðìóëàì

f (n)(a)=n!an, n=0, 1, . . .
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42. Ðàçëîæåíèå ôóíêöèé â ðÿä Òåéëîðà è Ìàêëîðåíà

Íàïèñàòü ïåðâûå òðè íåíóëåâûõ ÷ëåíà ðàçëîæåíèÿ â ðÿä ïî ñòåïåíÿì
x ñëåäóþùèõ ôóíêöèé:

42.1. f(x)=tg x 42.2. f(x)=
1

cosx
.

42.3. f(x)=
ex−e−x

ex+e−x
42.4. f(x)=ex cosx.

Èñïîëüçóÿ ðàçëîæåíèÿ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé, à òàêæå âîç-
ìîæíîñòü ïî÷ëåííîãî äèôôåðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ ñòåïåííûõ
ðÿäîâ, ðàçëîæèòü ôóíêöèè â ðÿä Ìàêëîðåíà ïî ñòåïåíÿì x è óêàçàòü îá-
ëàñòè ñõîäèìîñòè ïîëó÷åííûõ ðÿäîâ:

42.5. f(x)=sin2 x. 42.6. f(x)=
x

4+x2
.

42.7. f(x)=
5

x+2
. 42.8. f(x)=

2

(x−1)2
.

42.9. f(x)=
3x+1

(x−2)2
. 42.10. f(x)=

x

3+4x
.

42.11. f(x)=
1√

9+x2
. 42.12. f(x)=

√
2−x.

42.13. f(x)=
2x+1

x2−5x+6
. 42.14. f(x)=

3

1+x−2x2
.

42.15. f(x)=(1−x)e−2x. 42.16. f(x)=sin 2x cos 2x.

42.17. f(x)=ln
x+2

x+3
. 42.18. f(x)=ln(x2+3x+2).

42.19. f(x)=arctg x. 42.20. f(x)=arcsinx.

42.21. f(x)=

x∫
0

e−
t2

2 dt. 42.22. f(x)=

x∫
0

sin t2

t
dt.

Ðàçëîæèòü ôóíêöèè ïî ñòåïåíÿì (x−a):
42.23. f(x)=

1

1−x
, a=2.

42.24. f(x)=
1

x2−6x+5
, a=3.

42.25. f(x)=
1

x2+3x+2
, a=−4.

42.26. f(x)=
1√
2+x

, a=2.

42.27. f(x)=ln(5x+3), a=1.
42.28. f(x)=ln(x2+6x+13), a=−3.
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Íàéòè îáëàñòè ñõîäèìîñòè óêàçàííûõ ðÿäîâ è èõ ñóììû:

42.29.
∞∑

n=0

(n+1)(n+2)xn. 42.30.
∞∑

n=1

n(x+1)n.

42.31.
∞∑

n=0

(−1)n2−2n−2x2n. 42.32.
∞∑

n=0

(x−3)n

n+1
.

42.33.
∞∑

n=0

(−1)n(n+1)x2n. 42.34.
∞∑

n=0

(n+1)xn

n!
.

43. Ïðèìåíåíèå ñòåïåííûõ ðÿäîâ

43.1. Îïðåäåëèòü, ñêîëüêî íóæíî âçÿòü ÷ëåíîâ â ðàçëîæåíèè ôóíê-
öèè ln(1+x), ÷òîáû âû÷èñëèòü ln 2 ñ òî÷íîñòüþ äî 0,0001.

43.2. Îïðåäåëèòü, ñêîëüêî íóæíî âçÿòü ÷ëåíîâ ðÿäà â ðàçëîæåíèè
ôóíêöèè cosx, ÷òîáû âû÷èñëèòü cos 10◦ ñ òî÷íîñòüþ äî 0,0001.

Ðàçëîæèòü óêàçàííûå ôóíêöèè â ñòåïåííûå ðÿäû ïî ñòåïåíÿì x:

43.3.

x∫
0

ln(1+ t2)

t
dt. 43.4.

1

2
√
x

x∫
0

sin t√
t
dt.

43.5.

x∫
0

cos t2 dt. 43.6.

x∫
0

1√
1+ t3

dt.

Âû÷èñëèòü èíòåãðàëû ñ òî÷íîñòüþ äî 0,0001:

43.7.

0,3∫
0

ln(1+ t)

t
dt. 43.8.

0,2∫
0

arctg t

t
dt.

Äîêàçàòü óêàçàííûå òîæäåñòâà:

43.9.
∞∑

k=n

1

(α+k)(α+k+1)
=

1

α+n
.

43.10.
∞∑

k=n

1

(α+k)(α+k+1)(α+k+2)
=

1

2(α+n)(α+n+1)
.

43.11.
∞∑

n=1

(−1)n+1 1

n
=ln 2. 43.12.

∞∑
n=0

(−1)n
1

2n+1
=
π

4
.

Íàéòè ñóììû ðÿäîâ, íå âû÷èñëÿÿ ÷àñòè÷íûõ ñóìì:

43.13.
∞∑

n=1

1

2nn
. 43.14.

∞∑
n=1

1

n!
.
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43.15.
∞∑

n=0

1

(2n+1)32n+1
. 43.16.

∞∑
n=0

(−1)n
1

(2n+1)!
.

43.17.
∞∑

n=0

(−1)n
1

3n(2n)!
. 43.18.

∞∑
n=0

2n

n!
.

Íàéòè ðåøåíèÿ óðàâíåíèé, óäîâëåòâîðÿþùèå çàäàííûì íà÷àëüíûì óñëî-
âèÿì:

43.19. y′′=x2y, y(0)=0, y′(0)=1.
43.20. y′′=x2y, y(0)=y′(0)=1.

Íàéòè ïåðâûå 5 ÷ëåíîâ ðàçëîæåíèÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ â ñòåïåííîé ðÿä:

43.21. y′=2 cosx−xy2, y(0)=1.
43.22. y′′=−2xy, y(0)=y′(0)=1.

Èñïîëüçóÿ ñòåïåííûå ðÿäû, ïðîèíòåãðèðîâàòü ñëåäóþùèå äèôôåðåí-
öèàëüíûå óðàâíåíèÿ:

43.23. y′′+xy′+y=1, y(0)=y′(0)=0.
43.24. y′′−xy′+y=x, y(0)=y′(0)=0.
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Îòâåòû

1. Ýëåìåíòàðíûå ôóíêöèè è èõ ãðàôèêè

1.2. D=[−2, 2]. 1.3. D=[0, 1]. 1.4. D=(−∞,−1)∪(2,+∞). 1.5. D=
(−1, 0)∪ (0, 7). 1.6. D=[0, 1]. 1.7. D=(−∞,−2]∪ [2,+∞). 1.8. y=

√
u,

u=sin v, v=x2. 1.9. y=u2, u=sin v, v=lnx. 1.10. y=lnu, u=cos v, v= 3
√
t,

t=sinx. 1.11. y=2u, u=arctg v, v=ln t, t=sinx. 1.12. Ãðàôèê ôóíêöèè
y=x2 ðàñòÿíóòü âäîëü îñè Oy â 2 ðàçà è ïîäíÿòü âäîëü ýòîé æå îñè ââåðõ
íà 1. 1.13. Ãðàôèê ôóíêöèè y=x2 ñìåñòèòü âïðàâî ïî îñè Ox íà 1 è âíèç
ïî îñè Oy íà 1.

1.17. y=

 −2x, x∈(−∞,−2),
4, x∈ [−2, 2],

2x, x∈(2,+∞).

1.18. y=

{
(x+1)2−4, x∈(−∞,−2)∪(0,+∞),

−(x+1)2−2, x∈ [−2, 0].

1.20. y=


. . .

−1, x∈ [−1, 0),
0, x∈ [0, 1),
1, x∈ [1, 2),
. . .

1.21. Ïðÿìàÿ y=x−n ïðè x∈ [n, n+1), n∈Z.

1.22. y=


(
1

2

)x+1

+2, x∈(−∞,−1),

2x+1+2, x∈ [−1,+∞].

2. Ïðåäåë ÷èñëîâîé ïîñëåäîâàòåëüíîñòè

2.1. 0,
3

2
,
2

3
,
5

4
,
4

5
, . . .. 2.2. −8, 11,

14

3
,
17

5
,
20

7
, . . .. 2.3. un=

2n

2n−1
.

2.4. un=n cos
π(n−1)

2
. 2.7. Íàèìåíüøèé ÷ëåí u2=−22. 2.8. Íàèáîëüøèé

÷ëåí u3=
3
√
3. 2.9. a=1, N=10. 2.10. a=

5

7
, N=10. 2.11. −5

2
. 2.12. 2.

2.13. 0. 2.14. 0. 2.15. 0. 2.16. 2. 2.17.
1

2
. 2.18.

1

3
. 2.19. −3. 2.20. 2.

2.21. −1. 2.22. 25. 2.23.
49

5
. 2.24. −15. 2.25.

1

2
. 2.26.

3

4
. 2.27.

1

3
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(
Èñïîëüçîâàòü òîæäåñòâî

n∑
k=1

k2=
n(n+1)(2n+1)

6

)
. 2.28. 1. 2.29.

1

2
.

2.30.
1

6
. 2.31. 1.

3. Ïðåäåë ôóíêöèè

3.1. ∀M>0 ∃δ>0: ∀x : 0< |x|<δ ⇒|f(x)|>M . 3.2. ∀M>0 ∃δ>0: ∀x :
−δ<x−1<0 ⇒f(x)<−M . 3.3. ∀ε>0 ∃δ>0: ∀x : 0<x−a<δ ⇒|f(x)−b|<
ε. 3.4. ∀M>0 ∃N>0: ∀x : x>N ⇒f(x)>M . 3.5. ∀ε>0 ∃N>0: ∀x : x<
−N ⇒|f(x)−1|<ε. 3.6. ∀M>0 ∃N>0: ∀x : x<−N ⇒f(x)>M . 3.7. ∀ε>
0 ∃δ>0: ∀x : 0<x−3<δ ⇒|f(x)−2|<ε. 3.8. ∀M>0 ∃N>0: ∀x : |x|>N ⇒
f(x)<−M . 3.9.

3

2
. 3.10. 2. 3.11. −3. 3.12.

1

2
. 3.13. ∞. 3.14. ∞. 3.15. 0.

3.16. 0. 3.17. 2. 3.18. −2. 3.19.
1

2
. 3.20. −2

3
. 3.21.

1

4
. 3.22. 2. 3.23.

√
3.

3.24. −1

2
. 3.25.

4

3
. 3.26. 0. 3.27. ∞. 3.28.

1

6
. 3.29. −

√
3

6
. 3.30.

3

2
.

3.31.
3

4
. 3.32.

√
2

2
. 3.33.

3 6
√
2

2
. 3.34.

1

2
. 3.35. −7

4
. 3.36.

3

5
. 3.37. 3.

3.38.
10

3
. 3.39.

9

2
. 3.40. −7

3
. 3.41. 8. 3.42. −4. 3.43. 0. 3.44. −

√
2

4
.

3.45. 1. 3.46. e10. 3.47. e9. 3.48. e. 3.49. e−3. 3.50. e−
1
2 . 3.51. e3.

3.52. 2. 3.53. −3. 3.54.
1

6
. 3.55. −1

2
. 3.57. Ñäåëàòü çàìåíó ax−1=y.

3.58. a ln a. 3.59. a− b. 3.60. 1, −1. 3.61. −∞, +∞. 3.62. 0, +∞.

3.63.
π

2
, −π

2
. 3.64. 1, −1. 3.65. +∞, 0.

4. Íåïðåðûâíîñòü ôóíêöèè. Òî÷êè ðàçðûâà è èõ êëàññèôèêà-
öèÿ

4.5. a=2. 4.6. b=
πa

2
. 4.7. x=2 � òî÷êà ðàçðûâà ïåðâîãî ðîäà.

4.8. x=0 � òî÷êà óñòðàíèìîãî ðàçðûâà, f(0)=1. 4.9. x=2 � òî÷êà ðàç-
ðûâà âòîðîãî ðîäà. 4.10. x1=2, x2=−2 � òî÷êè ðàçðûâà âòîðîãî ðîäà.
4.11. x=0 � òî÷êà ðàçðûâà ïåðâîãî ðîäà. 4.12. x=0 � òî÷êà óñòðàíè-
ìîãî ðàçðûâà, x=±1 � òî÷êè ðàçðûâà âòîðîãî ðîäà. 4.13. x=2 � òî÷êà
ðàçðûâà ïåðâîãî ðîäà. 4.14. x=1 � òî÷êà ðàçðûâà ïåðâîãî ðîäà, x=0 �
òî÷êà ðàçðûâà âòîðîãî ðîäà. 4.15. x=1 � òî÷êà ðàçðûâà ïåðâîãî ðîäà.
4.16. x=2, 5 � òî÷êà ðàçðûâà ïåðâîãî ðîäà. 4.17. x=±1 � òî÷êè ðàçðû-

âà ïåðâîãî ðîäà, f(x)=0 ïðè |x|>1, f(x)=1 ïðè |x|<1, f(1)=
1

2
, f(−1) íå

ñóùåñòâóåò.
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5. Ïðîèçâîäíàÿ

5.1. y′=− 1

sin2 x
. 5.2. y′=− 2

x3
. 5.3. y′=2x ln 2. 5.4. y′=

1

x ln 2
.

5.5. f ′−(1)=1, f ′+(1)=0. 5.6. f ′−(0)=f
′
+(0)=0. 5.7. y′=

4x3 − x2 + 2 +
1

x2
. 5.8. y′=− 3

5
5
√
x8

+
2

15 3
√
x
. 5.9. y′=

3x2−8x−4

(3x−4)2
.

5.10. y′=
2

1+sin 2x
. 5.11. y′=−

sin
(
2 sin

√
x
)
·cos

√
x

2
√
x

. 5.12. y′=

1

2(1+x2)
. 5.13. y′=x ln2 x(2 lnx + 3). 5.14. y′=−e−x2 1+2x2

2x2
.

5.15. y′=3 · 2
√
sin3 x−1

√
sinx cosx ln 2. 5.16. y′=

e
√

x+
√
x

2
√
x+

√
x

(
1+

1

2
√
x

)
.

5.17. y′=
x

(2+x2)
· 1√

1+x2 arctg
√
1+x2

. 5.18. y′=
1√

1+x2
.

5.19. y′=
1

2

√
x+
√
x+sin2 x

·

(
1+

1+sin 2x

2
√
x+sin2 x

)
. 5.20. y′=

1

4

√
1+
√
x2+

√
lnx

· 1√
x2+

√
lnx

·
(
2x+

1

2x
√
lnx

)
. 5.21. y′=

(x−3)3(2x−1)(x+2)4

x5(3x−1)2(x+5)4
·

(
3

x−3
+

2

2x−1
+

4

x+2
− 5

x
− 6

3x−1
− 4

x+5

)
.

5.22. y′= 3

√
(x+2)(x−12)

x4(x+1)5
·
(

1

3(x+2)
+

2

3(x−1)
− 4

3x
− 5

3(x+1)

)
.

5.23. y′=

√
x+2

3
√

(x−1)2(2x+1)
·
(

1

2(x+1)
− 2

3(x−1)
− 2

3(2x+1)

)
. 5.24. y′=

x3

√
x−1

(x+2)
√
x−2

·
(
3

x
+

1

2(x−1)
− 1

2(x+2)
− 1

4(x−2)

)
. 5.25. y′=xx(lnx+

1). 5.26. y′=xsin x·
(
cosx lnx+

sinx

x

)
. 5.27. y′=(lnx)

1
x ·
(

1

x2 lnx
− ln lnx

x2

)
.

5.28. y′=(sinx)arcsin x ·
(

ln sinx√
1−x2

+arcsinx ·ctg x
)
. 5.29. y′=

xx
x

xx lnx ·
(
lnx+1+

1

x lnx

)
. 5.30. y′=

(lnx)x

xlnx
·
(
ln lnx+

1

lnx
− 2 lnx

x

)
.

5.31. y′=− sin
(
xsin x

)
· xsin x ·

(
cosx lnx+

sinx

x

)
. 5.32. y′=
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xx
2+1(2 lnx+1)+x2

x

2x
(
ln 2 lnx+

1

x

)
+2x

x

xx ln 2(lnx+1). 5.33. y′=
1

x
ïðè

x ̸=0. 5.34. y′=
1

1+x2
ïðè x>0; y′=− 1

1+x2
ïðè x<0; y′−(0)=−1, y′+(0)=1.

5.35. f ′(x0)=φ(x0). 5.36. y′=ψ(x)φ(x) ·
(
φ′(x) lnψ(x)+

φ(x)ψ′(x)

ψ(x)

)
.

5.37. y′=
1

ln2 φ(x)
·
(
ψ′(x) lnφ(x)

ψ(x)
− φ′(x) lnψ(x)

φ(x)

)
. 5.38. y′=

ef(x)
(
f ′(ex)ex+f(ex)f ′(x)

)
. 5.39. y′=f ′(f(x))f ′(x). 5.40. y′=

2xy−4x3

4y3−x2
.

5.41. y′=
x2y−2x3y2−y3

2x2y3−xy2+x3
. 5.42. y′=

4(x+y)(1+xy)
√
xy−y

x
.

5.43. y′=
y+2xy

√
xy

x−2x2
√
xy

. 5.44. y′=

√
1−y2

1−x2
· 1−

√
1−x2

1−
√
1−y2

. 5.45. y′=
x+y

x−y
.

5.46. y′=
y

x
· 1−x

2−y2

1+x2+y2
. 5.47. y′=

y

x
· x ln y−y
y lnx−x

. 5.48. y′=
y

x
.

5.49. y′=
y(x lnx ln y−y)
x lnx(y ln lnx−x)

. 5.51. y′x=3t − 5

2
. 5.52. y′x=− 2t

t+1
.

5.53. y′x=−23t+1. 5.54. y′x=− b

a
ctgφ. 5.55. y′x=2 cos2 t ·(cos 2t−2 sin 2t).

5.56. y′x=1. 5.57. y′x=
t

2
. 5.58. y′x=−

√
2− t2√
1−4t2

. 5.59. y′x(1)=1.

5.60. y′x

(π
4

)
=−1.

6. Äèôôåðåíöèàë ôóíêöèè

6.1. △y=0, 120601; dy=0, 12. 6.2. △y=−0, 0513167; dy=−0, 05. 6.3. 1
ñì. 6.4. 2 ñì. 6.5. dy=2

√
a2−x2 dx. 6.6. dy=x sinx dx. 6.7. dy=

arctg x dx. 6.8. dy=lnx dx. 6.9. dy=arcsinx dx. 6.10. dy=
2x dx

1+5y2
.

6.11. dy=
x+y

x−y
dx. 6.12. dy=

dx

ey−1
. 6.13. 0,05. 6.14. 0,805. 6.15. 0,2.

6.16. 0,95.

7. Ïðîèçâîäíûå è äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ

7.1. y′′=−2 cos 2x. 7.2. y′′=
2−6x4

(1+x4)2
. 7.3. y′′=− 2

3 ln 2
· x2+1

(x2−1)2
.

7.4. y′′=
3x

(1−x2)2
+

(1+2x2) arcsinx

(1−x2) 5
2

. 7.5. y′′=x
√
x−1(2 + lnx) ·
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(
1

4
lnx+

1

2
− 1

4
√
x
+

1

2
√
x(2+lnx)

)
. 7.6. y′′=xsin x ·

[(
cosx lnx+

sinx

x

)2
−

− sinx lnx+
2 cosx

x
− sinx

x2

]
. 7.7. y′′′(0)=9. 7.8. y′′′(2)=2.

7.9. yIV (1)=6. 7.10. y(n)=sin
(
x+n

π

2

)
. 7.11. y(n)=(−1)n−1 · (n−1)!

xn
.

7.12. y(n)=
2n!

(1−x)n+1
. 7.13. y(n)=(−1)nn! ·

(
1

(x−2)n+1
− 1

(x−1)n+1

)
.

7.14. y(n)=(−1)nn! ·
(

5

(x−3)n+1
− 3

(x−1)n+1

)
. 7.15. y(n)=

(−1)n+1(2n−3)!!

2n
· (x+2−2n)

(x+1)
2n+1

2

. 7.16. y(15)=(209 − x − x2) cosx −

15(2x+ 1) sinx. 7.17. y(5)=4
√
2 sin

(
x− π

4

)
e−x. 7.18. y(10)=

8! log2 e

x9
.

7.21. y′′=−p
2

y3
. 7.22. y′′=e2y · 2−xey

(1−xey)3
. 7.23. y′′=−2(1+y2)

y5
.

7.24. y′′=
y
(
(1+y)2+(x−1)2

)
x2(1+y)3

. 7.25. y′′xx=
sin t−cos t−1

(1+cos t)3
. 7.26. y′′xx=

− ctg3 t. 7.27. y′′xx=− 2

1− t2
. 7.28. y′′xx=2(1+t2). 7.29. y′′xx=

1

3a cos4 t sin t
.

7.30. d2y=−ab2 sin(bx + c) dx2. 7.31. d2y=3−x2

ln 9(2x2 ln 3 − 1) dx2.

7.32. d2y=
(2−x2) sinx−2x cosx

x3
dx2. 7.33. d2y=a dx2. 7.34. d2y=

2y(x+y)

(x+2y)3
dx2. 7.35. d2y=− R2dx2

(y−b)3
. 7.36. d2y=6

x(1+3y2) dx2

(1−3y2)3
.

7.37. d2y=
(x−y) dx2

(1−a cos y)3
.

8. Òåîðåìû î äèôôåðåíöèðóåìûõ ôóíêöèÿõ. Ôîðìóëà Òåéëî-
ðà. Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ ïðîèçâîäíîé

8.1. f(x) íå äèôôåðåíöèðóåìà ïðè x=0∈ [−1, 1]. 8.2. f(x) ðàçðûâ-

íà ïðè x=0∈ [−1, 1]. 8.7. 2− (x− 2)+ (x− 2)2− (x− 2)3+
(x−2)4

(1+θ(x−2))5
.

8.8. x+
x3

6
+
x4

4!
· 9θx+6θ3x3

(1−θ2x2) 7
2

. 8.9. 1− (x−1)

2
+

3

8
(x− 1)2− 5

16
(x− 1)3+

35

128

(x−1)4

(1+θ(x−1))
9
2

. 8.10. x− y− 1=0, x+ y− 1=0. 8.11. 2x− y+3=0,
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x+2y−1=0. 8.12. 7x−10y+6=0, 10x+7y−34=0. 8.13. 5x+6y−13=0,

6x−5y+21=0. 8.15. arctg
8

15
. 8.18.

2√
5
.

9. Ïðàâèëî Ëîïèòàëÿ âû÷èñëåíèÿ ïðåäåëîâ

9.1.
2

3
. 9.2. 2. 9.3.

2

3
. 9.4. −1

2
. 9.5. 2. 9.6.

9

50
. 9.7.

1

2
. 9.8.

1

2
.

9.9.
1

2
. 9.10. −∞. 9.11. cos 3. 9.12. −2. 9.13. 0. 9.14. +∞. 9.15.

1

π
.

9.16. 0. 9.17. −1. 9.18. 0. 9.19. −1. 9.20.
2

3
. 9.21. 1. 9.22. 1. 9.23. e.

9.24. 1. 9.25. 2. 9.26.
1

e
. 9.27.

1

e
. 9.28. 1. 9.29. e−6. 9.30. e2.

10. Èññëåäîâàíèå ôóíêöèé

10.1. Íà (−∞,−1)∪ (0, 1) âîçðàñòàåò, íà (−1, 0)∪ (1,+∞) óáûâàåò;
ymax=y(−1)=y(1)=1. 10.2. Íà (0, 1)∪ (1, e) óáûâàåò, íà (e,+∞) âîç-
ðàñòàåò; ymin=y(e)=e. 10.3. Âîçðàñòàåò íà âñåé îáëàñòè îïðåäåëåíèÿ.

10.4. Íà

(
0,

1

e

)
óáûâàåò, íà

(
1

e
,+∞

)
âîçðàñòàåò; ymin=y

(1
e

)
=
(1
e

) 1
e ≈

0, 69. 10.5. Ãðàôèê âñþäó âûïóêëûé âíèç. 10.6. Íà (−∞,−1)∪(1,+∞) �

âûïóêëîñòü âíèç, íà (−1, 1) � âûïóêëîñòü ââåðõ; M1

(
−1, 3

√
2
)
è M2

(
1, 3

√
2
)

� òî÷êè ïåðåãèáà. 10.7. Íà (−∞,−1) � âûïóêëîñòü ââåðõ, íà (−1,+∞)

� âûïóêëîñòü âíèç;M(−1, 1−e−2) � òî÷êà ïåðåãèáà. 10.8. Íà
(
0, e−

5
6

)
�

âûïóêëîñòü ââåðõ, íà
(
e−

5
6 ,+∞

)
� âûïóêëîñòü âíèç;M

(
e−

5
6 , 1− 5

6
e−

5
6

)
�

òî÷êà ïåðåãèáà. 10.9. M=0,m=−22

3
. 10.10. M=3,m=−24. 10.11. M=

8, m=0. 10.12. M=1, m=
1

3
. 10.13. x=1 � âåðòèêàëüíàÿ; y=2x+2 � íà-

êëîííàÿ. 10.14. x=2 � âåðòèêàëüíàÿ; y=0 (ïðàâàÿ) è y=− 1

e2
(ëåâàÿ) ãî-

ðèçîíòàëüíûå. 10.15. x=0 � âåðòèêàëüíàÿ; y=1 (ïðàâàÿ) è y=−1 (ëåâàÿ)

� ãîðèçîíòàëüíûå. 10.16. y=3x+
π

2
(ïðàâàÿ) è y=3x− π

2
(ëåâàÿ) � íà-

êëîííûå. 10.17. x=0 � âåðòèêàëüíàÿ; y=1 (ïðàâàÿ) è y=0 (ëåâàÿ) � ãî-
ðèçîíòàëüíûå. 10.18. x=0� âåðòèêàëüíàÿ; y=x (ïðàâàÿ) è y=−x (ëåâàÿ)
� íàêëîííûå. 10.19. ymin=y(3)=

27

8
; (0, 0) � òî÷êà ïåðåãèáà; x=1 è y=

x+2

2
àñèìïòîòû. 10.20. ymin=y(0)=0, ymin=y(±

√
2)=2; x=±1 � âåðòè-

êàëüíûå àñèìïòîòû, y=x � ïðàâàÿ àñèìïòîòà, y=−x � ëåâàÿ àñèìïòîòà.
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10.21. ymax=y(−2)=−4
√
e, ymin=y(1)=−1

e
; (0, 4;−1, 6e−

5
2 )� òî÷êà ïåðå-

ãèáà; x=0 � ëåâàÿ àñèìïòîòà, y=x−3 � àñèìïòîòà. 10.22. ymax=y(0)=0,
ymin=y(±

√
e)=2e; x=±1 � àñèìïòîòû. 10.23. f(x0)=0 � ìèíèìóì, åñëè

φ(x0)>0 è n ÷åòíîå; f(x0)=0 � ìàêñèìóì, åñëè φ(x0)<0 è n ÷åòíîå; ýêñ-
òðåìóìà íåò, åñëè n íå÷åòíîå. 10.24. N(1, 1). 10.27. x0(y−y0)+y0(x−x0)=
0.

11. Íåïîñðåäñòâåííîå èíòåãðèðîâàíèå. Ìåòîä çàìåíû ïåðå-
ìåííîé

11.1.
3

4
3
√
x4− 4

3
4
√
x3+C. 11.2. − 3

x
−2 ln |x|+C. 11.3. ln

∣∣∣∣x+√
x2+3

x+
√
x2−3

∣∣∣∣+
C. 11.4. x−arctg x+C. 11.5.

1

5
x5+x4+

4

3
x3+C. 11.6. x− 1

4
cos 4x+C.

11.7.
1

3
arcsin 3x+C. 11.8.

1

2
arctg 2x+C. 11.9.

1

2
x+

1

4
sin 2x+C.

11.10. arctg(x+1)+C. 11.11.
1

12
(2x+3)6+C. 11.12.

1

9(1−3x)3
+C.

11.13. ln |x+5|+C. 11.14.
1

3
ln |3x− 4|+C. 11.15.

1

2
ln(x2 +4)+C.

11.16. arctg(sinx) +C. 11.17.
1

3
arcsinx3 +C. 11.18. − cos lnx+C.

11.19.
1

2
ln(1+x2)+

1

3
arctg3 x+C. 11.20. −2 cos

√
x+C. 11.21. arcsin ex+

C. 11.22. − 1

2 tg2 x
+C. 11.23. ln(x2 + x+3)+C. 11.24.

1

4
ln(2x2 +

3) +
1√
6
arctg

√
2x√
3

+ C. 11.25. −
√
1−x2 + arcsinx +

1

4
arcsin4 x + C.

11.26. − ln
∣∣cos2 x+√

cos4 x+3
∣∣+C. 11.27. ln | tg x|+C. 11.28. ln |4+

x lnx|+C. 11.29. 2

5

√
(x−5)5+4

√
(x−5)3+C. 11.30. ln

∣∣∣∣√1+ex−1√
1+ex+1

∣∣∣∣+
C. 11.31.

(5x−1)12

300
+

(5x−1)11

275
+C. 11.32. − 1

5(3−x)5
+

1

2(3−x)6
+C.

11.33.
2

3

√
(x+1)3−(x+1)+4

√
x+1−4 ln |

√
x+1+1|+C. 11.34. 2 ln |

√
x+

1|+C. 11.35. 2

3

√
(x−1)3+8

√
x−1+C. 11.36. ln

∣∣∣∣ x

1+
√
x2+1

∣∣∣∣+C.
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12. Èíòåãðèðîâàíèå ïî ÷àñòÿì â íåîïðåäåëåííîì èíòåãðàëå

12.1.
1

27

(
(2−9x−9x2) cos 3x+3(2x+1) sin 3x

)
+C. 12.2.

3

4
cos(2x+1)+

1

2
(3x+5) sin(2x+1)+C. 12.3. −(x2+2x+2)e−x+C. 12.4.

1

8
e2x(4x3−6x2+

6x−3)+C. 12.5. −1

2
e−x2

(x2+1)+C. 12.6.
x

2 cos2 x
−1

2
tg x+C. 12.7.

(
x2

2
+

2x

)
lnx− x2

4
−2x+C. 12.8.

x2

4
(2 ln2 x−2 lnx+1)+C. 12.9. − 1

x

(
ln2 x+

2 lnx+2
)
+C. 12.10. x arcsinx+

√
1−x2+C. 12.11. x arctg x− 1

2
ln(1+

x2)+C. 12.12.
1

2
(x2+1) arctg x−x

2
+C. 12.13.

1

13
e2x(2 cos 3x+3 sin 3x)+C.

12.14. − 1

10
e−4x

(
cos(2x+1)+2 sin(2x+1)

)
+C. 12.15. x ln(x+

√
1+x2)−

√
1+x2+C. 12.16. x tg x+ln | cosx|+C. 12.17. 1+x2

2
arctg2 x−x arctg x+

1

2
ln |1+x2|+C. 12.18. − x

2(x2+1)
+
1

2
arctg x+C. 12.19.

x

2

√
x2+1+

1

2
ln
∣∣x+

√
x2+1

∣∣+C. 12.20. x

2

√
1−x2+ 1

2
arcsinx+C. 12.21.

(x2
2

− 1

4

)
arcsinx+

x

4

√
1−x2+C. 12.22. −x

2

√
1−x2+1

2
arcsinx+C. 12.23.

(
ln(lnx)−1

)
lnx+C.

12.24. −2
√
1−x arcsin

√
x+2

√
x+C.

13. Èíòåãðèðîâàíèå ðàöèîíàëüíûõ ôóíêöèé

13.1. ln |x+ 4|+ C. 13.2.
1

3
ln |3x+ 5|+ C. 13.3. − 1

2(x−2)2
+

C. 13.4. − 1

3(x+2)3
+C. 13.5. − 1

2(2x+3)
+C. 13.6.

1

2(3−x)2
+C.

13.7. arctg(x+2)+C. 13.8. ln
∣∣∣x−2

x−1

∣∣∣+C. 13.9. ln(x2+2x+2)+3 arctg(x+

1)+C. 13.10.
1

2
ln(x2− 4x+8)− arctg

x−2

2
+C. 13.11. −3

2
ln(x2+3x+

5)+
19√
11

arctg
2x+3√

11
+C. 13.12.

5

2
ln(x2 +5x+9)− 21√

11
arctg

2x+5√
11

+C.

13.13.
1

2
arctg x+

x

2(x2+1)
+C. 13.14.

1

2
arctg(x+2)+

x+2

2(x2+4x+5)
+C.

13.15.
1

8
arctg

x

2
+

x−2

4(x2+4)
+C. 13.16.

3

8
arctg x+

x

4(x2+1)2
+

3x

8(x2+1)
+C.
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13.17.
1

7
ln
∣∣∣x−3

x+4

∣∣∣+C. 13.18. −1

6
ln |x| − 7

2
ln |x− 2|+ 17

3
ln |x− 3|+C.

13.19. x− 1

2
ln |x|− 3

4
ln |x+2|+5

4
ln |x−2|+C. 13.20. x2

2
+

1

x+1
+

2

(x+1)2
+

C. 13.21. − 2

(x−1)
+ 2 ln |x− 1|+ ln |x+ 2|+C. 13.22.

1

4
ln

x2

x2+2
+C.

13.23.
3

5
ln |x−1|+ 7

10
ln(x2+2x+2)− 26

5
arctg(x+1)+C. 13.24. − 1

2x
−

1

4
arctg

x

2
+ ln |x| − 1

2
ln(x2 + 4) +C. 13.25.

3

x−2
− 2

x−3
+ ln

∣∣∣x−3

x−2

∣∣∣+C.

13.26. x+
1

2
ln
∣∣∣x−1

x+1

∣∣∣− arctg x+C. 13.27. ln |x|− 1

x
− 1

2
ln(x2+2x+5)−

arctg
x+1

2
+C. 13.28.

1

2
ln
x2+1

x2+4
+2 arctg x−arctg

x

2
+C.

14. Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé

14.1.
1√
5
ln

∣∣∣∣∣∣
√
5+tg

x

2√
5−tg

x

2

∣∣∣∣∣∣ + C. 14.2. arctg
(
tg
x

2
− 1

)
+ C.

14.3. − 1

tg
x

2
+2

+ C. 14.4.
1

4
tg2

x

2
+

1

2
ln
∣∣∣tg x

2

∣∣∣ + tg
x

2
+ C.

14.5. −1

2
arctg

(cosx−1

2

)
+ C. 14.6. −1

4
ln(1 + 4 cos2 x) + C.

14.7.
1

4
cos 2x−3 ln(2+sinx)+2 sinx+C. 14.8.

1

10
arctg

2

cosx
+
1

5
ln
∣∣∣tg x

2

∣∣∣+C.
14.9.

1

4
√
7
ln

∣∣∣∣∣2 tg x−
√
7

2 tg x+
√
7

∣∣∣∣∣ + C. 14.10.

√
3

2
arctg

2 tg x√
3

− 1

4
ln | cosx| +

1

8
ln | cos 2x − 7| + C. 14.11.

1

7 cos7 x
− 1

5 cos5 x
+ C. 14.12. sinx −

sin3 x +
3

5
sin5 x − 1

7
sin7 x + C. 14.13. −2

√
cosx +

2

5

√
cos5 x + C.

14.14. − 1

2 tg2 x
+3 ln | tg x|+3

2
tg2 x+

1

4
tg4 x+C. 14.15.

1

5
tg5 x+

1

3
tg3 x+C.

14.16. − 1

3 tg3 x
− 2

tg x
+tg x+C. 14.17. ln | tg x|+C. 14.18. −2

√
ctg x+C.

14.19. tg x+
1

3
tg3 x+C. 14.20. ln | tg x|+1

2
tg2 x+C. 14.21.

x

8
− sin 4x

32
+C.

14.22.
x

16
− sin 4x

64
− sin3 2x

48
+ C. 14.23.

3

8
x +

sin 2x

4
+

sin 4x

32
+ C.
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14.24.
5

16
x− 1

8
sin 4x+

1

96
sin3 4x+

3

128
sin 8x+C. 14.25.

cos 2x

4
− cos 8x

16
+C.

14.26.
1

2
cos(x− 3)− 1

10
cos(5x− 1) + C. 14.27.

sin 5x

10
− sin 25x

50
+ C.

14.28.
sin 2x

4
+

sin 10x

20
+ C. 14.29.

cos 6x

24
− cos 4x

16
− cos 2x

8
+ C.

14.30.
sinx

2
+

sin 3x

12
+

sin 5x

20
+C.

15. Èíòåãðèðîâàíèå èððàöèîíàëüíûõ ôóíêöèé

15.1. 2
√
x + 3 3

√
x + 6 6

√
x + 6 ln | 6

√
x − 1| + C. 15.2. 2

√
x + 4 4

√
x −

8√
3
arctg

2 4
√
x−1√
3

+ C. 15.3.
3

3
√
x2

2
+ 6 arctg 6

√
x + C. 15.4. 6 6

√
x −

12 arctg
6
√
x

2
+ C. 15.5. arctg

√
1+x

2
+ C. 15.6.

3

20
3
√
(2x−3)5 +

9

8
3
√

(2x−3)2 + C. 15.7. 6 arctg 6
√
x+2 − ln |x + 2| + 3 ln |1 + 3

√
x+2| + C.

15.8. 3 ln

∣∣∣∣ 6
√
2x−1−1
6
√
2x−1

∣∣∣∣ + C. 15.9. 4 4
√
x+3 + 4 ln | 4

√
x+3 − 1| + C.

15.10.
3

16
3

√(x+1

x−1

)4
− 3

28
3

√(x+1

x−1

)7
+C. 15.11. ln

∣∣∣∣√x+1+
√
x−1√

x+1−
√
x−1

∣∣∣∣−
2 arctg

√
x−1

x+1
+ C. 15.12.

1

3

√(1+x
1−x

)3
+ C. 15.13.

12

7
3

√
(1+x

1
4 )7 −

3 3

√
(1+x

1
4 )4 + C. 15.14.

1

4
ln

∣∣∣∣∣ 4
√
1+x4−1

4
√
1+x4+1

∣∣∣∣∣ + 1

2
arctg 4

√
1+x4 + C.

15.15. 6
√
1+x

1
3 +C. 15.16.

1

2
ln

∣∣∣∣∣
√
1+x2−1√
1+x2+1

∣∣∣∣∣+C. 15.17. −
√
1+x2

x
+C.

15.18. −
√

(1+x2)5

5x5
+

√
(1+x2)3

3x3
+C. 15.19. −

√
(1+x2)3

3x3
+

√
1+x2

x
+C.

15.20.
x3

12
√

(4+x2)3
+C. 15.21. − arcsin

4−x
4

+C. 15.22.
1√
3
ln |

√
3(x−

1)+
√
3x2−6x+4|+C. 15.23.

√
x2+6x+1−6 ln |x+3+

√
x2+6x+1|+C.

15.24. −
√
2−x−x2 + 7

2
arcsin

2x+1

3
+ C. 15.25. ln |x| − ln |4x + 1 +

√
x2+8x+1|+C. 15.26. −

√
1−x+2x2

x
+
ln |x|
2

− 1

2
ln |2−x+2

√
1−x+2x2|+

C. 15.27. −
√
6x−x2−5

2(x−1)
+C. 15.28. −

√
x2+5

9(x+2)
+

2

27
ln |x+2|− 2

27
ln |5−2x+
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3
√
x2+5|+C. 15.29.

1

2
√
3

(
ln

∣∣∣∣√3−x√
3+x

∣∣∣∣+ln

∣∣∣∣4√3+3x+
√
3
√
4−x2

4
√
3−3x+

√
3
√
4−x2

∣∣∣∣
)
+C.

15.30.
1

2
(x + 1)

√
1−2x−x2 + arcsin

(x+1√
2

)
+ C. 15.31.

1

2
(x −

1)
√
x2−2x+10 +

9

4
ln

∣∣∣∣√x2−2x+10+x−1√
x2−2x+10+1−x

∣∣∣∣ + C. 15.32.
1

2
(x +

2)
√
x2+4x+5+

1

4
ln

∣∣∣∣√x2+4x+5+x+2√
x2+4x+5−x−2

∣∣∣∣+C. 15.33. √
x2−1 arctg

1√
x2−1

+

C. 15.34.

(
2x3−5x

8

)√
x2−1+

3

8
ln |x+

√
x2−1|+C.

16. Ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ. ×àñòíûå ïðîèçâîäíûå
è ïîëíûé äèôôåðåíöèàë ô.í.ï.

16.1. −16x2+y61. 16.2. x+y<0. 16.3. 46x2+y269. 16.4. x2+y2>
1. 16.5.

∂z

∂x
=y− y

x2
,
∂z

∂y
=x+

1

x
. 16.6.

∂z

∂x
=

y3

(x2+y2)
3
2

,
∂z

∂y
=

x3

(x2+y2)
3
2

.

16.7.
∂z

∂x
=(1− xy)e−xy,

∂z

∂y
=−x2e−xy. 16.8.

∂z

∂x
=yx ln y,

∂z

∂y
=xyx−1.

16.9.
∂z

∂x
=−cos y2

x2
,
∂z

∂y
=−2y sin y2

x
. 16.10.

∂z

∂x
=

2x

x2+y2
,
∂z

∂y
=

2y

x2+y2
.

16.11.
∂z

∂x
=− y sgnx

x2+y2
,
∂z

∂y
=

|x|
x2+y2

. 16.12.
∂z

∂x
=

y

2x2+2xy+y2
,
∂z

∂y
=

− x

2x2+2xy+y2
. 16.13.

∂u

∂x
=− x

(x2+y2+z2)
3
2

,
∂u

∂y
=− y

(x2+y2+z2)
3
2

,
∂u

∂z
=

− z

(x2+y2+z2)
3
2

. 16.14.
∂u

∂x
=− z

x

(y
x

)z
,
∂u

∂y
=
z

y

(y
x

)z
,
∂u

∂z
=
(y
x

)z
ln
y

x
.

16.15.
∂u

∂x
=y2z3t4+3,

∂u

∂y
=2xyz3t4−4,

∂u

∂z
=3xy2z2t4+2,

∂u

∂t
=4xy2z3t3−1.

16.16. f ′x(3, 2)=56, f ′y(3, 2)=42. 16.17. ∆=r2 cos θ. 16.18. ∆z=0, 33, dz=

0, 3. 16.19. ∆z=0, 04305, dz=0, 04. 16.20. dz=
x dx√

x2+y2(y+
√
x2+y2)

+

dy√
x2+y2

. 16.21. dz=
y

x2 cos2
y2

x

(2x dy−y dx). 16.22. dz=
1

y2
tg
x

y
(x dy−

y dx). 16.23. du=(xy)z
( z
x
dx+

z

y
dy+ln(xy) dz

)
. 16.24. du=(y+ z) dx+

(z+x) dy+(x+y) dz. 16.25. du=exyz(yz dx+zx du+xy dz). 16.26. 8, 29.
16.27. 2, 95. 16.28. −0, 016.
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17. ×àñòíûå ïðîèçâîäíûå ñëîæíûõ ôóíêöèé è ôóíêöèé, çà-
äàííûõ íåÿâíî

17.1.
∂z

∂x
=

1

y
√
u2+v3

(
u +

3

2
v2
)
,

∂z

∂y
=− x

y2
√
u2+v3

(
u +

3

2
v2
)
.

17.2.
∂z

∂x
=2u

(ux
v

− y ln v

x2

)
,

∂z

∂y
=2u

( ln v
x

+
uy

v

)
. 17.3. dz=(

(2uv−v2) sin y−(u2−2uv)y sinx
)
dx+

(
(2uv−v2)x cos y+(u2−2uv) cosx

)
dy.

17.4.
dz

dt
=e2x−3y

( 2

cos2 t
− 3(2t − 1)

)
. 17.5.

dz

dt
=xy

( y
xt

+ lnx cos t
)
.

17.6.
dz

dt
=

2e2t(x−y)
x2+y2

. 17.7.
du

dt
=
x(z+2yt2)−yztet

tx2
. 17.8.

dz

dx
=

y(1−2(x+1)2)

y2+(x+1)2
. 17.9.

dz

dx
=
xy2

t

(
2y+

3x2√
x2+1

− xy

t
√
1−x2

)
. 17.10.

∂z

∂x
=

1

t2+1

(
vyxy−1 + (u + 1)yx ln y − t(uv+v)

t2+1

√
y

x

)
,

∂z

∂y
=

1

t2+1

(
vxy lnx +

(u + 1)xyx−1 − t(uv+v)

t2+1

√
x

y

)
. 17.11.

∂z

∂x
=

y√
u2+v3

(
u

t
+ 3v2xt3

)
,

∂z

∂y
=

x√
u2+v3

(
u

t
+

3

2
v2xt3

)
,
∂z

∂t
=

yx√
u2+v3

(
− u

t2
+

9

2
v2xt2

)
. 17.12.

∂z

∂x
=

2x

x2−y2
f ′u(u, v)+ y

2f ′v(u, v),
∂z

∂y
=2xyf ′v(u, v)−

2y

x2−y2
f ′u(u, v). 17.13. dz=(

5x4f ′v(u, v) − yf ′u(u, v) sin(xy)
)
dx −

(
x sin(xy)f ′u(u, v) + 7f ′v(u, v)

)
dy.

17.14. dz=
1

y2

(
cos

x

y
f ′u(u, v) +

1

2

√
y

x
f ′v(u, v)

)
(y dx− x dy). 17.15. du=(

2sf ′x(x, y, z) + 2sf ′y(x, y, z) + 2tf ′z(x, y, z)
)
ds+

(
2tf ′x(x, y, z)− 2tf ′y(x, y, z) +

2sf ′z(x, y, z)
)
dt. 17.20.

dy

dx
=
y cosx+sin(x−y)
sin(x−y)−sinx

. 17.21.
dy

dx
=
x+y−1

x+y+1
.

17.22.
dy

dx
=

1+y2

y2
. 17.23.

∂z

∂x
=

4z

3z2−4x
,
∂z

∂y
=

2y

4x−3z2
. 17.24.

∂z

∂x
=

yz(x+z)−z3

z3+2xy(x+z)
,
∂z

∂y
=

xz(x+z)

z3+2xy(x+z)
. 17.25.

∂z

∂x
=−F

′
u(u, v)+2xF ′

v(u, v)

F ′
u(u, v)+2zF ′

v(u, v)
,

∂z

∂y
=−F

′
u(u, v)+2yF ′

v(u, v)

F ′
u(u, v)+2zF ′

v(u, v)
, ãäå u=x+y+z, v=x2+y2+z2. 17.26.

∂z

∂x
=

− zexzf ′v(u, v)

yf ′u(u, v)+xe
xzf ′v(u, v)

,
∂z

∂y
=− zf ′u(u, v)

yf ′u(u, v)+xe
xzf ′v(u, v)

, ãäå u=yz, v=exz.

17.27. dz=
z dx−z(1+x2z2) dy
y(1+x2z2)−x

.
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18. ×àñòíûå ïðîèçâîäíûå è äèôôåðåíöèàëû âûñøèõ ïîðÿä-
êîâ

18.1.
∂2z

∂x2
=

2y

x3
,

∂2z

∂x∂y
=1− 1

x2
,
∂2z

∂y2
=0. 18.2.

∂2z

∂x2
=− 3xy3

(x2+y2)
5
2

,

∂2z

∂x∂y
=

3x2y2

(x2+y2)
5
2

,
∂2z

∂y2
=− 3x3y

(x2+y2)
5
2

. 18.3.
∂2z

∂x2
=y(xy− 2)e−xy,

∂2z

∂x∂y
=

x(xy− 2)e−xy,
∂2z

∂y2
=x3e−xy. 18.4.

∂2z

∂x2
=yx ln2 y,

∂2z

∂x∂y
=yx−1(x ln y+1),

∂2z

∂y2
=x(x − 1)yx−2. 18.5.

∂2z

∂x2
=

2|x|y
(x2+y2)2

,
∂2z

∂x∂y
=

(y2−x2) sgnx
(x2+y2)2

,

∂2z

∂y2
=− 2|x|y

(x2+y2)2
. 18.6.

∂2u

∂x2
=
z(z+1)

x2

(y
x

)z
,

∂2u

∂y2
=
z(z−1)

y2

(y
x

)z
,

∂2u

∂z2
=
(y
x

)z
ln2

y

x
,

∂2u

∂x∂y
=− z2

xy

(y
x

)z
,

∂2u

∂x∂z
=− 1

x

(y
x

)z(
1 + z ln

y

x

)
,

∂2u

∂y∂z
=

1

y

(y
x

)z(
1+z ln

y

x

)
. 18.9. f ′′′xxx(0, 1)=0, f ′′′xxy(0, 1)=2, f ′′′xyy(0, 1)=0,

f ′′′yyy(0, 1)=0. 18.10.
∂4u

∂x∂y∂ξ∂η
=− 6

r4
+

48(x−ξ)2(y−η)2

r8
, ãäå

r=
√

(x−ξ)2+(y−η)2. 18.11. ∂6u

∂x3∂y3
=−6(cosx+cos y). 18.12.

∂3u

∂x∂y∂z
=

− 2x

(z+1)2
. 18.13.

∂4u

∂x2∂y∂z
=

12x sin z

cos3 z
. 18.14.

∂3u

∂x∂y2
=

2z

(x+1)2
.

18.17. d2z=2

(
y

x3
dx2 +

( 1

y2
− 1

x2

)
dx dy − x

y3
dy2
)
. 18.18. d2z=

exy
(
y(y2 + xy + 2) dx2 + 2(x + y)(xy + 2) dx dy + x(x2 + xy + 2) dy2

)
.

18.19. d2z=− 1

x
dx2 +

2

y
dx dy − x

y2
dy2. 18.20. d2u=exyz

(
(yz dx +

zx dy+xy dz)2+2(z dx dy+x dy dz+y dz dx)
)
. 18.21.

∂2z

∂x2
=

2y2

x4
ln v− 8y2u

xv
−

4x2y2u

v2
+

4yu

x3
ln v +

2yu

v
,

∂2z

∂x∂y
=−2y

x3
ln v +

2yu

v
− 2x3yu

v2
− 2u

x2
ln v +

2xu

v
,

∂2z

∂y2
=

2

x2
ln v +

4xu

v
− x4u

v2
. 18.22.

∂2z

∂x2
=y2f ′′uu(u, v) + 2f ′′uv(u, v) +

1

y2
f ′′vv(u, v),

∂2z

∂x∂y
=xyf ′′uu(u, v) − x

y3
f ′′vv(u, v) + f ′u(u, v) − 1

y2
f ′v(u, v),

∂2z

∂y2
=x2f ′′uu(u, v)−

2x2

y2
f ′′uv(u, v)+

x2

y4
f ′′vv(u, v)+

2x

y3
f ′v(u, v). 18.23.

∂2u

∂x∂y
=
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f ′′xy + f ′′xzφ
′
y + f ′′yzφ

′
z + f ′′zzφ

′
xφ

′
z + f ′zφ

′′
xy. 18.24.

∂2u

∂x2
=f ′′11 + y2f ′′22 +

y2z2f ′′33 + 2yf ′′12 + 2yzf ′′13 + 2y2zf ′′23,
∂2u

∂y2
=x2f ′′22 + 2x2zf ′′23 + x2z2f ′′33,

∂2u

∂z2
=x2y2f ′′33,

∂2u

∂x∂y
=xyf ′′22 + xyz2f ′′33 + xf ′′12 + xzf ′′13 + 2xyzf ′′23 + f ′2 + zf ′3,

∂2u

∂x∂z
=xyf ′′13 + xy2f ′′23 + xy2zf ′′33 + yf ′3,

∂2u

∂y∂z
=x2yf ′′23 + x2yzf ′′33 + xf ′3.

18.25.
d2y

dx2
=

4(x+y)

(x+y+1)3
. 18.26.

∂2z

∂x2
=

∂2z

∂x∂y
=
∂2z

∂y2
=− x+y+z

(x+y+z−1)3
.

19. Ãðàäèåíò è ïðîèçâîäíàÿ ïî íàïðàâëåíèþ. Êàñàòåëüíàÿ
ïëîñêîñòü è íîðìàëü ê ïîâåðõíîñòè

19.1. Ëèíèè óðîâíÿ � ïàðàáîëû y2=C − x. 19.2. Ëèíèè óðîâ-
íÿ � ïðÿìûå y=Cx. 19.3. Ïîâåðõíîñòè óðîâíÿ � ïàðàëëåëüíûå
ïëîñêîñòè x+ y + z=C. 19.4. Ïîâåðõíîñòè óðîâíÿ � îäíîïîëîñòíûå
è äâóïîëîñòíûå ãèïåðáîëîèäû x2 + y2 − z2=±C2 (ïðè C=0 � êî-

íóñ x2 + y2 − z2=0). 19.5. grad z(M0)=

(
2x

y+1
,
1−x2

(y+1)2

)
(1, 0)=(2, 0).

19.6. grad z(M0)=

(
y2(1−x)
(x+1)2

,
2xy

x+1

)
(0, 1)=(1, 0). 19.7. gradu(M0)=(

y

z+1
,
x+2y

z+1
,− xy+y2

(z+1)2

)
(1, 1, 0)=(1, 3,−2). 19.8. gradu(M0)=(

−y
2+1

x2z
,
2y

xz
,−y

2+1

xz2

)
(1, 0, 1)=(−1, 0,−1). 19.9. M(3, 3,−3). 19.10. n̄e=

1√
17

(2, 3,−2). 19.11.
∂u

∂n̄
=2

√
6, n̄=

1√
6
(2, 1, 1). 19.12. cosφ=− 4√

41
.

19.13.
13

5
. 19.14.

4√
5
. 19.15.

17√
13
. 19.16.

5

3
. 19.17. x−y−2z+1=0,

x− π

4
1

=
y− π

4
−1

=
z− 1

2
−2

. 19.18. x + ez − 2=0,
x−1

1
=
y−π
0

=
z− 1

e
e

.

19.19. 2x+ 7y − 5z + 4=0,
x−2

2
=
y−1

7
=
z−3

−5
. 19.20. x+ y − 4z=0,

x−2

1
=
y−2

1
=
z−1

−4
. 19.21. z=0,

x

0
=
y

0
=
z

1
â òî÷êå (0, 0, 0); z=−4,

x

0
=
y

0
=
z+4

1
â òî÷êå (0, 0,−4). 19.22. cosα=

1√
6
, cosβ=− 1√

6
,
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cos γ=− 2√
6
. 19.23. 4x+ y + 2z − 78=0. 19.24.

x−2

1
=
y− 10

3
3

=
z+4

4
.

19.25. x− 2y− 4z− 2=0. 19.26.
x−4

−2
=
y−5

1
=
z+3

3
. 19.27. Â òî÷êàõ(

0,±2
√
2,∓2

√
2
)
êàñàòåëüíûå ïëîñêîñòè ïàðàëëåëüíû ïëîñêîñòè Oxy, â

òî÷êàõ (±2,∓4,±2) � ïëîñêîñòè Oxz, â òî÷êàõ (±4,∓2, 0) � ïëîñêîñòè
Oyz.

20. Ëîêàëüíûé ýêñòðåìóì ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ

20.1. zmin=−9 ïðè x=0, y=3. 20.2. zmax=
1

64
ïðè x=

1

4
, y=

1

2
.

20.3. zmin=−4

3
ïðè x=0, y=−2

3
; â ñòàöèîíàðíîé òî÷êå

(
2,−2

3

)
ýêñ-

òðåìóìà íåò. 20.4. zmin=30 ïðè x=5, y=2. 20.5. zmin=10−18 ln 3 ïðè
x=1, y=3. 20.6. zmin=−28 ïðè x=2, y=1; zmax=28 ïðè x=−2, y=−1; â
ñòàöèîíàðíûõ òî÷êàõ (1, 2), (−1,−2) ýêñòðåìóìîâ íåò. 20.7. zmin=0 ïðè

x=y=0; â ñòàöèîíàðíûõ òî÷êàõ
(
−5

3
, 0
)
, (1, 4), (1,−4) ýêñòðåìóìîâ íåò.

20.8. zmin=0 ïðè x=y=0; zmax=2e−1 ïðè x=±1, y=0; â ñòàöèîíàðíûõ
òî÷êàõ (0,±1) ýêñòðåìóìîâ íåò. 20.9. umin=−14 ïðè x=2, y=−3, z=1.

20.10. umax=
1

77
ïðè x=y=z=

1

7
. 20.11. umin=2

9
4 ïðè x=2

1
4 , y=2

1
2 ,

z=2
3
4 ; umax=−2

9
4 ïðè x=−2

1
4 , y=2

1
2 , z=−2

3
4 . 20.12. Óðàâíåíèå îïðåäå-

ëÿåò äâå ôóíêöèè, èç êîòîðûõ îäíà èìååò ìàêñèìóì (zmax=6) ïðè x=−2,
y=1, äðóãàÿ � ìèíèìóì (zmin=−2) ïðè x=−2, y=1. 20.13. Óðàâíåíèå

îïðåäåëÿåò äâå ôóíêöèè, èç êîòîðûõ îäíà èìååò ìàêñèìóì
(
zmax=−8

7

)
ïðè x=0, y=

16

7
, äðóãàÿ � ìèíèìóì (zmin=1) ïðè x=0, y=−2.

21. Óñëîâíûé ýêñòðåìóì ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ

21.1. zmin=−19

4
ïðè x=y=−3

2
. 21.2. zmin=2 ïðè x=y=1.

21.3. zmin=−1−2
√
2 ïðè x=− 1√

2
, y=

1√
2
; zmax=1−2

√
2 ïðè x=

1√
2
, y=

− 1√
2
. 21.4. zmin=0 ïðè x=1, y=0; zmax=

1

27
ïðè x=y=

1

3
. 21.5. zmin=−2

3

ïðè x=4, y=10; zmax=
2

3
ïðè x=2, y=−2. 21.6. zmin=− 5

12
ïðè x=−1,

y=1; zmin=−8

3
ïðè x=2, y=4; zmax=0 ïðè x=y=0. 21.7. zmin=−

√
5
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ïðè x=− 2√
5
, y=− 1√

5
; zmax=

√
5 ïðè x=

2√
5
, y=

1√
5
. 21.8. zmin=−2

√
2

ïðè x=−
√
2, y=−

√
2

2
; zmax=2

√
2 ïðè x=

√
2, y=

√
2

2
. 21.9. umin=−18

ïðè x=−4, y=−2, z=4; umax=18 ïðè x=4, y=2, z=−4. 21.10. umin=4
ïðè x=y=0, z=±2; umax=16 ïðè x=±4, y=z=0; ïðè x=z=0, y=±3

ýêñòðåìóìà íåò. 21.11. umax=26 ïðè x=y=z=2. 21.12. umax=
1

2
ïðè

x=1, y=1, z=0; ïðè x=y=z=0 ýêñòðåìóìà íåò. 21.13. umax=2 â òî÷êàõ

(2, 1, 1), (1, 2, 1), (1, 1, 2); umin=
50

27
â òî÷êàõ

(2
3
,
5

3
,
5

3

)
,
(5
3
,
2

3
,
5

3

)
,
(5
3
,
5

3
,
2

3

)
.

21.14. Èñêàòü ìèíèìóì ôóíêöèè u=
x3+y3+z3

3
ïðè x+y+z=s.

22. Íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

22.1. zíàèì=3, ïðè x=0, y=1; zíàèá=5 ïðè x=y=0. 22.2. zíàèì=
−1 ïðè x=1, y=0; zíàèá=1 ïðè x=y=1. 22.3. zíàèì=−1 ïðè x=y=1;

zíàèá=6 ïðè x=3, y=0 è ïðè x=0, y=3. 22.4. zíàèì=−1

4
ïðè x=0,

y=
1

2
; zíàèá=17 ïðè x=3, y=−1. 22.5. zíàèì=−1 ïðè x=2, y=0; zíàèá=4

ïðè x=y=1. 22.6. zíàèì=−1 ïðè x=1, y=0; zíàèá=2 ïðè x=2, y=3.

22.7. zíàèì=−9 ïðè x=−1, y=2; zíàèá=−3

4
ïðè x=1, y=

1

2
. 22.8. zíàèì=

−6 ïðè x=y=−1; zíàèá=27 ïðè x=−1, y=2. 22.9. zíàèì=−1

2
ïðè x=

−y=± 1√
2
; zíàèá=

1

2
ïðè x=y=± 1√

2
. 22.10. zíàèì=− 2

3
√
3
ïðè x=− 1√

3
,

y=±
√

2

3
; zíàèá=

2

3
√
3
ïðè x=

1√
3
, y=±

√
2

3
. 22.11. Êóá ñ äëèíîé ðåáðà

a. 22.12. Êóá ñ äëèíîé ðåáðà
d√
3
. 22.13. Êîîðäèíàòû èñêîìîé òî÷êè

ðàâíû ñðåäíèì àðèôìåòè÷åñêèì êîîðäèíàò âåðøèí. 22.14. Äëèíû ñòîðîí

ïàðàëëåëåïèïåäà:
2R√
3
,
2R√
3
,
R√
3
. 22.15. Äëèíû ñòîðîí ïàðàëëåëåïèïåäà:

2
√
2

3
R,

2
√
2

3
R,

H

3
. 22.16. Ðàâíîáåäðåííûé òðåóãîëüíèê ñ äëèíîé áîêîâîé

ñòîðîíû
a

2 sin
α

2

.
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23. Îïðåäåëåííûé èíòåãðàë

23.1.
45

4
. 23.2.

7

ln 2
. 23.3.

ln 3

2
. 23.4.

π

12
. 23.5.

1

4
arctg

4

7
.

23.6. ln
2+

√
5

1+
√
2
. 23.7.

11

2
+7 ln 2. 23.8. sin 1. 23.9.

π

4
. 23.10.

π

2
√
2
.

23.11. 2− ln 5. 23.12.
π

4
. 23.13. ln

3

2
. 23.14.

2√
5
arctg

1√
5
. 23.15.

π

3
√
3
.

23.16. π. 23.17.
π

6
. 23.18.

1

3
(2
√
3−π). 23.19.

√
3−1

2
. 23.20. 2 ln 2− 1

2
.

23.21. ln

√
5+3

2
. 23.22.

1

6
. 23.23. 4−π. 23.24. 81

16
π. 23.27. π

√
2−

4. 23.28. e− 2. 23.29.
4

25
(e

3π
4 + 1). 23.30.

e2+1

4
. 23.31.

π

4
− 1

2
.

23.32.
π2−8

32
. 23.33. 2

√
7<I<6. 23.34.

2π√
7
<I<

2π√
3
. 23.35.

π

4
;(

lim
n→∞

Sn=

1∫
0

dx

1+x2
=arctg x

∣∣∣1
0
=
π

4

)
. 23.36. 1. 23.37.

2

3
(2

3
2 −1). 23.38. x=

π

2
(2k+1), k=0, 1, 2, . . .. 23.39. Φ′(x)=

sinx

x
. 23.40. Φ′(x)=

sinx

2
√
x
+

1

x2
sin

1

x2
.

23.41. Φ′(x)=− 1√
1+x3

. 23.42. Φ′(x)=
x2−x
lnx

.

24. Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííîãî èíòåãðàëà

24.1. e2. 24.2.
16

3
. 24.3.

9

2
. 24.4.

3

2
(3π−2). 24.5.

56

15
p2. 24.6. a2.

24.7.
a2

4
(π−2 ln 2). 24.8. 2 ln 2− 1

2
. 24.9.

32

3
. 24.10. 1. 24.11.

e

2
−1.

24.12. 4 ln 2− 1. 24.13.
3

8
πa2. 24.14.

8
√
3

5
. 24.15. 12π. 24.16.

8

15
.

24.17.
3

2
πa2. 24.18.

πa2

8
. 24.19.

πa2

4
. 24.20.

√
3− π

3
. 24.21.

πa2

4
.

24.22.
3

4

√
3. 24.23. 6

√
3−2. 24.24. 8 ln

(
2+

√
3
)
−2

√
3. 24.25.

4

π
ln tg

3π

8
=

4

π
ln(1+

√
2). 24.26.

134

27
p. 24.27. 6a. 24.28.

√
2(e− 1). 24.29.

13

3
.

24.30. 4a
√
3. 24.31. 8(2−

√
3). 24.32.

3

2
πa, 06φ63π. 24.33. 5π

√
1+4π2+
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5

2
ln
(
2π+

√
1+4π2

)
. 24.34.

16

3
a. 24.35.

272

15
π. 24.36.

11

4
π. 24.37.

π3

2
.

24.38.
64

3
π. 24.39.

8

15
πa3.

25. Íåñîáñòâåííûå èíòåãðàëû

25.1.
1

2
. 25.2. Ðàñõîäèòñÿ. 25.3.

π√
2
. 25.4.

π

8
. 25.5. 0. 25.6. ln 2.

25.7. Ðàñõîäèòñÿ. 25.8. 1+ln 2. 25.9.
1

3
. 25.10. Ðàñõîäèòñÿ. 25.11. 1.

25.12.
1

2
. 25.13.

1

2
. 25.14.

2

5
. 25.15. Ðàñõîäèòñÿ. 25.16.

1

4
ln 2.

25.17. Ñõîäèòñÿ. 25.18. Ñõîäèòñÿ. 25.19. Ðàñõîäèòñÿ. 25.20. Ñõîäèòñÿ.

25.21. Ñõîäèòñÿ. 25.22. Ðàñõîäèòñÿ. 25.23. Ðàñõîäèòñÿ. 25.24.
5

2
( 5
√
3+1).

25.25. Ðàñõîäèòñÿ. 25.26. π. 25.27.
π

3
. 25.28.

16

3
. 25.29. 2

√
2. 25.30. π.

25.31. Ñõîäèòñÿ. 23.32. Ñõîäèòñÿ. 25.33. Ñõîäèòñÿ. 25.34. Ðàñõîäèòñÿ.

26. Äâîéíîé èíòåãðàë, åãî âû÷èñëåíèå â äåêàðòîâîé ñèñòåìå
êîîðäèíàò

26.1. y=x, y=x+ 3, x=1, x=2. 26.2. y=x2, y=2− x2, x± 1.

26.3. x+ y=2, x
√
4−y2, y=0, y=2. 26.4. y=

√
x, y=

√
2−x2, x=0,

x=1. 26.5.

4∫
2

dx

x∫
2

f(x, y) dy +

5∫
4

dx

4∫
2

f(x, y) dy +

7∫
5

dx

4∫
x−3

f(x, y) dy=

4∫
2

dy

y+3∫
y

f(x, y) dx. 26.6.

2∫
0

dx

√
2x∫

0

f(x, y) dy +

4∫
2

dx

√
4x−x2∫
0

f(x, y) dy=

2∫
0

dy

2+
√

4−y2∫
y2

2

f(x, y) dx. 26.7.

0∫
−1

dx

√
x+1∫

−
√
x+1

f(x, y) dy +

1∫
0

dx

√
1−x∫

−
√
1−x

f(x, y) dy. 26.8.

2∫
0

dy

2−
√

4−y2∫
0

f(x, y) dx +
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2∫
0

dy

√
16−y2∫

2+
√

4−y2

f(x, y) dx+

4∫
2

dy

√
16−y2∫
0

f(x, y) dx. 26.9.

1∫
0

dx

3
√
x∫

x

f(x, y) dy.

26.10.

8
3∫

0

dy

√
4+y2∫

2y−2

f(x, y) dx. 26.11.

a∫
0

dy

a−
√

a2−y2∫
0

f(x, y) dx +

2a∫
a

dy

√
2ay−y2∫
0

f(x, y) dx. 26.12.

0∫
−1

dx

√
x+1∫

−
√
x+1

f(x, y) dy +

1∫
0

dx

−
√
2x∫

−
√
x+1

f(x, y) dy +

1∫
0

dx

√
x+1∫

√
2x

f(x, y) dy. 26.13.
8

3
. 26.14.

π

6
.

26.15.
a2

4
(π+4). 26.16.

3π

2
. 26.17.

1

4
. 26.18.

4

3
. 26.19.

1

3
. 26.20.

9

20
.

26.21.
68

15
. 26.22.

π2

32
. 26.23.

4

3
a3. 26.24. e.

27. Çàìåíà ïåðåìåííûõ â äâîéíîì èíòåãðàëå. Äâîéíîé èíòå-
ãðàë â ïîëÿðíîé ñèñòåìå êîîðäèíàò

27.1.

π
6∫

0

dφ

a
√
3 sinφ∫
0

f(r)r dr +

π
2∫

π
6

dφ

a cosφ∫
0

f(r)r dr.

27.2.

π
2∫

π
4

dφ

2a sinφ∫
a cosφ

sin2 φ

f(r cosφ, r sinφ)r dr. 27.3.

π
4∫

0

dφ

sinφ

cos2 φ∫
0

f(r cosφ, r sinφ)r dr+

3π
4∫

π
4

dφ

1
sinφ∫
0

f(r cosφ, r sinφ)r dr +

π∫
3π
4

dφ

sinφ

cos2 φ∫
0

f(r cosφ, r sinφ)r dr.

27.4.

π
6∫

0

f(tgφ) dφ

√
6 cosφ∫
0

r dr+

π
4∫

π
6

f(tgφ) dφ

3
√
cos 2φ∫
0

r dr. 27.5.
π

4

(
ea

2 −1
)
.

27.6. a. 27.7.
128

3
π. 27.8.

πa

2
. 27.9.

45

64
πa4. 27.10.

a

2
(2 −
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ln 2). 27.11.
2
√
2

15
a4. 27.12.

1

a

a∫
0

dv

a∫
0

f
(u(a−v)

a
,
uv

a

)
u du.

27.13.
1

3

b∫
a

du

q∫
p

f
( 3
√
u2v,

3
√
uv2
)
dv. 27.14.

1

2

3∫
1

du

6−u∫
−u

f
(u+v

2
,
u−v
2

)
dv.

27.15. 2πab
(
c−

√
c2−1

)
. 27.16.

e−1

2
.

28. Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð

28.1.
64

3
a2. 28.2.

1

2
(15−16 ln 2). 28.3. a2(π−1). 28.4. 1, 5−2 ln 2.

28.5.
a2

4
(π−2 ln 2). 28.6.

c3

6p
. 28.7.

1

4
(b2−a2)(π+2) (ïåðåéòè ê ïîëÿð-

íûì êîîðäèíàòàì). 28.8. (π−1)a2 (ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì).

28.9.
a2

210
(ñäåëàòü çàìåíó ïåðåìåííûõ: x=r cos2 φ, y=r sin2 φ, 06φ6 π

2
).

28.10.
a2π

16
(ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì). 28.11.

a2

2
(ïåðåéòè ê ïî-

ëÿðíûì êîîðäèíàòàì). 28.12.
5

2
a2π (ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì).

28.13.
1

4
a2(8−π). 28.14. πa2

4
. 28.15. a2. 28.16.

3

4

√
3.

29. Âû÷èñëåíèå îáúåìîâ òåë

29.1.
16

15
. 29.2.

2

3
. 29.3.

128

21
. 29.4.

43

120
. 29.5.

1

2
. 29.6.

4

3
a3(2−

√
2) (èíòåãðèðîâàòü â ïëîñêîñòè Oyz). 29.7.

a3

4
. 29.8.

3

35
. 29.9.

3πa3

32
.

29.10.
19

6
πa3. 29.11.

20

3
π.

30. Äèôôåðåíöèàëüíûå óðàâíåíèÿ 1-ãî ïîðÿäêà. Äèôôåðåí-
öèàëüíûå óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

30.3. f(x, y)=0,
∂f

∂x
<0 � max,

∂f

∂x
>0 � min. 30.4.

∂f

∂x
+f(x, y)

∂f

∂y
=

0. 30.5. xy′=x2 + y. 30.6. 2xyy′=x2 + y2. 30.7. y′ + y tg x=
1

cosx
.

30.8. yy′=x. 30.9. arctg y−arcsinx=C. 30.10. y sin y+cos y−x cosx+
sinx=C. 30.11. arctg y + ln(1 + x2)=C. 30.12. y=Ce

√
1−x2

; x=±1.

81



30.13. y=C
√
1+e2x. 30.14. ex− 1

2
e2y −2 ln |1+y|− (y−1)2

2
=C; y=−1.

30.15. y=C(x2 + 1). 30.16. y=
sinx+C

sinx
. 30.17. 4x+ 2y + 1=Ce2y.

30.18.
1

2
arctg

1

2
(4x+y+1)−x=C. 30.19. x2−y2=1. 30.20.

1

2
(x2+y2)+

ln
∣∣∣y
x

∣∣∣=1. 30.21. y=sinx. 30.22. y=ex.

31. Îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

31.1. Îäíîðîäíàÿ, íóëåâîãî ïîðÿäêà. 31.2. Îäíîðîäíàÿ, ïåðâî-
ãî ïîðÿäêà. 31.3. Íåîäíîðîäíàÿ. 31.4. Íåîäíîðîäíàÿ. 31.5. Îä-
íîðîäíàÿ, íóëåâîãî ïîðÿäêà. 31.6. Îäíîðîäíàÿ, íóëåâîãî ïîðÿäêà.
31.7. y=±x

√
2 ln |x|+C. 31.8. y=2x arctgCx. 31.9. y=x(ln |x|+C),

x=0. 31.10. y2−2xy−x2=C. 31.11. x2−2xy−y2=C. 31.12. xe
y
x =C.

31.13. arcsin
y

x
− 1

x

√
x2−y2 − ln |x|=C. 31.14. x2 − xy+ y2 + x− y=C.

31.15. C(x+y−1)=(y+2)2. 31.16. x+2y+3 ln |x+y−2|=C. 31.17. (y−

3)2+2(x+1)(y−3)−(x+1)2=C. 31.18. y=xex+1. 31.19. ln |y|+2

√
x

y
=2.

31.20. y=
1

2
(x2−1).

32. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è óðàâíåíèÿ
Áåðíóëëè

32.1. y=e−x2

(
C+

x2

2

)
. 32.2. y=Ce−2x +

1

5
e3x. 32.3. y=

1

x+1
·(

x4

4
+
x3

3
+C

)
. 32.4. y=x lnx+

C

x
. 32.5. y=(x+C)(1+x2). 32.6. y=

(x+1)2(ex+C). 32.7. y=sinx+C cosx. 32.8. x=Cy+
1

2
y3, y=0. 32.9. x=

arctg y−1+Ce− arctg y. 32.10. x=
1

2
(sin y− cos y)+Ce−y. 32.11. y=sinx.

32.12. y=e2x − ex +
1

2
x+

1

4
. 32.13. x=y ln y+

1

y
. 32.14. y=e− sin x +

sinx−1. 32.15. y=e−2x2

(
C+

1

2
x2
)2

, y=0. 32.16. y=
sinx√

2 cosx+C
, y=0.

32.17. x2=Cesin y − 2(sin y+1). 32.18. x=
y

C−2y2
, y=0. 32.19. y3=

1

3−2ecos x
. 32.20. x2=

1

y+3y2
. 32.21. y=

2d2

x
+Cx2.
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33. Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ. Ïðèëîæåíèÿ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé 1-îãî ïîðÿäêà

33.1. x2+xy+y2=C. 33.2. 5x2y−8xy+x+3y=C. 33.3. x2+ye
x
y =C.

33.4. x2 cos2 y+y2=C. 33.5. xe−y−y2=C. 33.6. exy2

+3x2−4y2−8x=C.

33.7. y2=4x; xy2=4. 33.8. y=
x

x−1
, y=− 3x

x+1
. 33.9. (x+C)2+y2=a2.

33.10. y2=4(x−1);
(x+1)2

4
+
y2

8
=1. 33.11. x=y(3± ln y). 33.12. 16.900

ðóá.

34. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ, äîïóñ-
êàþùèå ïîíèæåíèå ïîðÿäêà

34.1. y=(C1+arctg x)x−ln
√
1+x2+C2. 34.2. y=

x3

6
−sinx+C1x+C2.

34.3. y=
x6

120
+
x4

8
+C1x

2+C2x+C3. 34.4. y=
1

2
(x+3) ln(x+3)− 1

2
x+C1x

3+

C2x
2+C3x+C4. 34.5. y=

1

C1
arctg

x

C1
+C2, y=

1

2C1
ln
∣∣∣x−C1

x+C1

∣∣∣+C2, y=C− 1

x
.

34.6. C2
1y=(C2

1x
2+1) arctgC1x−C1x+C2, 2y=kπx

2+C (k=0,±1,±2, . . .).

34.7. y=
1

C1
eC1x+1

(
x− 1

C1

)
+C2, y=

ex2

2
+C. 34.8. y=

1

x
+C1 lnx+C2.

34.9. 2y=C1 cos 2x+(1+2C1)x
2+C2x+C3. 34.10. 2y=C1x

2− 2C2
1 (x+

C1) ln |x+ C1|+ C2x+ C3, y=
x3

6
+ C4x+ C5. 34.11. y=

1

12
(x3 + 6x2) +

C1x ln |x|+C2x+C3. 34.12. y=±
(
2

5

√
(x+C1)5−

2

3
C1

√
(x+C1)3+C2

)
.

34.13. x=y+C1 ln |y−C1|+C2, y=C. 34.14.
√
C1y2+1=C2±C1x, y

2=

2x+C. 34.15. ln
∣∣∣C2

1y+1+C1

√
C2

1y
2+2y

∣∣∣=±C1x+C2, arcsin (C
2
1y−1)=

C1x+C2, 2y=(x+C)2, y=0. 34.16. ln y=C1 tg(C1x+C2), ln

∣∣∣∣ ln y−C1

ln y+C1

∣∣∣∣=
2C1x+C2, (C−x) ln y=1, y=C. 34.17. ctg y=C2+C1x, y=C. 34.18. y=

1+
1

C1x+C2
. 34.19. y=x3+3x+1. 34.20. y=

2

5
x2

√
2x− 16

5
. 34.21. y=

2 ln |x+1|−x+1. 34.22. y=tg x, −π
2
<x<

π

2
. 34.23. y=e

x2

2 . 34.24. y=

1+sinx. 34.25. y=1−x.

35. Ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè
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35.1. yIV −6y′′′+14y′′−16y′+5y=0, y=(C1x+C2)e
x+ e2x(C3 cosx+

C4 sinx). 35.2. yIV + 4y′′′ + 6y′′ + 4y′ + y=0, y=(C1x
3 + C2x

2 + C3x+
C4)e

−x. 35.3. yV II +2yV +y′′′=0, y=C1x
2+C2x+C3+(C4x+C5) cosx+

(C6x+C7) sinx. 35.4. yIV − 2y′′+ y=0, y=(C1x+C2)e
x+(C3x+C4)e

−x.
35.5. y=C1x+C2+(C3x

2+C4x+C5)e
2x+e2x(C6 cos 3x+C7 sin 3x)+(C8x+

C9) cosx + (C10x + C11) sinx. 35.6. y=(C1x
2 + C2x + C3)e

x + C4e
−3x +

ex
[
(C5x+C6) cos 2x+(C7x+C8) sin 2x

]
+e−3x(C9 cosx+C10 sinx). 35.7. y=

C1e
2x+(C2x

3+C3x
2+C4x+C5)e

−2x+e2x
[
(C6x

2+C7x+C8) cos 3x+(C9x
2+

C10x+C11) sin 3x
]
. 35.8. y=C1x+C2+(C3x

4+C4x
3+C5x

2+C6x+C7)e
−x+

e−2x(C8 cos 4x+ C9 sin 4x). 35.9. y=C1e
3x + C2e

x. 35.10. y=C1e
3x +

C2e
−x. 35.11. y=(C1x+C2)e

2x. 35.12. y=(C1x+C2)e
−3x. 35.13. y=

e−3x(C1 cos 2x+C2 sin 2x). 35.14. y=e2x(C1 cosx+C2 sinx). 35.15. y=
C1 + C2e

−3x. 35.16. y=e−x(C1 cos 3x + C2 sin 3x). 35.17. y=C1e
x +

e2x(C2 cos 3x+C3 sin 3x). 35.18. y=C1x+C2+(C3x+C4)e
−x. 35.19. y=

(C1x+C2)e
2x+(C3x+C4)e

−2x. 35.20. y=C1x
2+C2x+C3+(C4x+C5)e

3x.
35.21. y=(C1x+C2)e

x+(C3x+C4) cosx+(C5x+C6) sinx. 35.22. y=ex.
35.23. y=(7−3x)ex−2. 35.24. y=2+ e−x. 35.25. y=sinx. 35.26. y=
5

2
ex− 1

2
e3x.

36. Ëèíåéíûå íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè

36.1. y=C1e
−x + C2e

−2x + (e−x + e−2x) ln(ex + 1) − e−x.

36.2. y=(C1 − ln | sinx|) cos 2x +
(
C2 − x − 1

2
ctg x

)
sin 2x. 36.3. y=(

C1 + C2x +
√
4−x2 + x arcsin

x

2

)
ex. 36.4. y=

(
C1 + C2x +

1

2
x2 lnx −

3

4
x2
)
e−2x. 36.5. y=

(
x − 1

2
ln(e2x + 1) + C1

)
e2x +

(
C2 − arctg ex

)
ex.

36.6. y=

(
1

4
sin 2x+

1

8
ln

∣∣∣∣ sin 2x−1

sin 2x+1

∣∣∣∣+C1

)
cos 2x+

(
C2 −

1

4
cos 2x

)
sin 2x.

36.7. y=ex
(
(C1−x) cosx+(ln | sinx|+C2) sinx

)
. 36.8. y=ex

(
C1x+C2+

1

2x

)
.

36.9. y=ex
(1
2
ln(ex + 2) + C1

)
+ e−x

(
−1

4
e2x + ex − 2 ln(ex + 2) + C2

)
.

36.10. y=ex
((x2

2
+ 3x +

9

2

)
ln(x + 3) − 3

4
x2 − 3

2
x + C1x + C2

)
.

36.11. y=

(
−1

2
x− 1

2
e−x+

1

2
ln(ex+1)+1

)
ex +

1

2
(1− ln(ex+1)) e−x.

36.12. y=
(
arcsin

x

2
+ 4
)
xex + (

√
4−x2 − 1)ex. 36.13. y∗=(Ax4 +
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Bx3 +Cx2)e4x. 36.14. y∗=Ax2 +Bx+ (Cx+D) cos 8x+ (Ex+ F ) sin 8x.
36.15. y∗=(Ax3+Bx2) cosx+(Cx3+Dx2) sinx. 36.16. y∗=xe2x

(
(Ax2+

Bx+C) cos 3x+(Dx2 +Ex+F ) sin 3x
)
. 36.17. y=C1e

x +C2e
−x − x2e−x.

36.18. y=(C1x
2+C2x+C3)e

x+2x3ex. 36.19. y=C1e
x+C2e

2x−(x2+2x)ex.
36.20. y=C1+C2e

2x− (x2+4)ex. 36.21. y=(C1x+C2)e
2x+(x3+2x2)e2x.

36.22. y=C1x + C2 + C3e
3x + x5 + 2x4 + 2x3 + 2x2. 36.23. y=

C1e
x+C2e

−x−x cosx+sinx. 36.24. y=C1 cos 3x+C2 sin 3x+2 cos 2x−sin 2x.
36.25. y=C1 cosx + C2 sinx + e−x cosx − 2e−x sinx. 36.26. y=
C1 + C2e

−x + (x + 1) cos 2x + (2x − 1) sin 2x. 36.27. y=C1 cos 2x +
C2 sin 2x − 2x cos 2x. 36.28. y=C1 cosx + C2 sinx + 2x cosx + 2x2 sinx.
36.29. y=ex(C1 cosx + C2 sinx) + xex(2 sinx − cosx). 36.30. y=
C1x+C2+C3 cosx+C4 sinx+x

2(x2+2x−12). 36.31. y=e2x−1−2ex+e−1.

36.32. y=ex − e−x + x2. 36.33. y=
x

4
+ cos 2x+

7

16
π sin 2x. 36.34. y=

2 cosx−5 sinx+2ex.

37. Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

37.1. y=C1e
x+C2e

2x, z=C1e
x+2C2e

2x. 37.2. y=C1e
2x+C2e

3x, z=
2C1e

2x+C2e
3x. 37.3. y=e3x(−2C1−2C2x+C2), z=e

3x(C1+C2x). 37.4. y=
e4x(C1+C2x+C2), z=e

4x(C1+C2x). 37.5. y=e−2x(C1 cos 3x+C2 sin 3x), z=
1

5
e−2x

(
(4C1−3C2) cos 3x+(3C1+4C2) sin 3x

)
. 37.6. y=e−x

(
(2C1+C2) cosx+

(2C2 − C1) sinx
)
, z=e−x(C1 cosx + C2 sinx). 37.7. y=ex(C1 sin 2x −

C2 cos 2x), z=e
x(C1 cos 2x+C2 sin 2x). 37.8. x=C1e

t −C2 sin t+C3 cos t,
y=C1e

t+C2 cos t+C3 sin t, z=(C2+C3) cos t+(C3−C2) sin t. 37.9. y=3e2x,
z=e2x. 37.10. y=2xe−3x, z=(1−2x)e−3x. 37.11. y=ex(2 cos 3x− sin 3x),
z=ex(2 sin 3x+ cos 3x). 37.12. x=e2t + e−t, y=e2t + e−t, z=e2t − 2e−t.
37.13. y=ex(C1 cosx+C2 sinx−1), z=ex(C1 sinx−C2 cosx). 37.14. y=

e2x
(
C1+C2x+

x2

2
+
x3

2
−3ex

)
, z=e2x

(
C1−

C2

3
+C2x+

x3

2
−2ex

)
.

38. ×èñëîâûå ðÿäû ñ ïîëîæèòåëüíûìè ÷ëåíàìè

38.1.
1

4
. 38.2.

1

2
. 38.7. Ðàñõîäèòñÿ. 38.8. Ñõîäèòñÿ. 38.9. Ðàñ-

õîäèòñÿ. 38.10. Ñõîäèòñÿ. 38.11. Ñõîäèòñÿ. 38.12. Ðàñõîäèòñÿ.
38.13. Ñõîäèòñÿ. 38.14. Ðàñõîäèòñÿ. 38.15. Ñõîäèòñÿ. 38.16. Ñõîäèò-
ñÿ. 38.17. Ñõîäèòñÿ. 38.18. Ñõîäèòñÿ. 38.19. Ñõîäèòñÿ. 38.20. Ðàñ-
õîäèòñÿ. 38.21. Ðàñõîäèòñÿ. 38.22. Ñõîäèòñÿ. 38.23. Ñõîäèòñÿ.
38.24. Ðàñõîäèòñÿ. 38.25. Ðàñõîäèòñÿ. 38.26. Ñõîäèòñÿ. 38.27. Ñõî-
äèòñÿ. 38.28. Ñõîäèòñÿ. 38.29. Ðàñõîäèòñÿ. 38.30. Ñõîäèòñÿ.

85



38.31. Ñõîäèòñÿ. 38.32. Ñõîäèòñÿ. 38.33. Ðàñõîäèòñÿ. 38.34. Ðàñõîäèò-

ñÿ
(
Èñïîëüçîâàòü ôîðìóëó Ñòèðëèíãà n!=

√
2πn

(n
e

)n
e

θ
12n , 0<θ<1

)
.

38.35. Ðàñõîäèòñÿ. 38.36. Ðàñõîäèòñÿ. 38.37. Ñõîäèòñÿ. 38.38. Ñõî-
äèòñÿ. 38.39. Ðàñõîäèòñÿ.

39. Çíàêî÷åðåäóþùèåñÿ ðÿäû. Ïðèçíàê Ëåéáíèöà

39.1. Ñõîäèòñÿ óñëîâíî. 39.2. Ñõîäèòñÿ àáñîëþòíî. 39.3. Ðàñõîäèò-
ñÿ. 39.4. Ñõîäèòñÿ óñëîâíî. 39.5. Ñõîäèòñÿ àáñîëþòíî. 39.6. Ðàñõîäèòñÿ.
39.7. Ñõîäèòñÿ óñëîâíî. 39.8. Ñõîäèòñÿ óñëîâíî. 39.9. Ñõîäèòñÿ óñëîâ-
íî. 39.10. Ñõîäèòñÿ àáñîëþòíî. 39.11. Ðàñõîäèòñÿ. 39.12. Àáñîëþòíî
ñõîäèòñÿ. 39.13. Ðàñõîäèòñÿ. 39.14. Ñõîäèòñÿ óñëîâíî. 39.15. Ñõîäèòñÿ
àáñîëþòíî.

40. Ôóíêöèîíàëüíûå ðÿäû

40.1. (0,+∞); àáñîëþòíî ñõîäèòñÿ ïðè x∈(1,+∞). 40.2. (−∞,+∞);
ñõîäèìîñòü âñþäó àáñîëþòíàÿ. 40.3. (−∞,−3)∪ (−3,+∞); ñõîäèìîñòü
âñþäó àáñîëþòíàÿ. 40.4. (−∞,−1); ñõîäèìîñòü âñþäó àáñîëþòíàÿ.

40.5. (0,+∞); ñõîäèìîñòü âñþäó àáñîëþòíàÿ. 40.6.
[1
e
, e
)
; ñõîäèòñÿ àá-

ñîëþòíî ïðè x∈
(1
e
, e
)
. 40.7. (−∞, 1)∪(3,+∞). 40.8. (−∞,−2)∪(0,+∞).

40.9. (−∞, 3−
√
2)∪ (3+

√
2,+∞). 40.10. (−∞, 0). 40.11. (−∞,−1)∪

(1,+∞). 40.12. (0,+∞). 40.13. Ñõîäèòñÿ ïðè x∈(−∞,−3)∪ [−1,+∞);
ðàâíîìåðíî ñõîäèòñÿ ïðè x∈(−∞,−3− δ]∪ [−1,+∞). 40.14. Ñõîäèòñÿ
ïðè x∈(−∞,−2]∪ (0,+∞); ðàâíîìåðíî ñõîäèòñÿ ïðè (−∞,−2]∪ [δ,+∞).
40.15. Ðàâíîìåðíî ñõîäèòñÿ ïðè x∈ [0, 2]. 40.16. Ðàâíîìåðíî ñõîäèòñÿ
ïðè x∈(−∞,−2]∪ [0,+∞). 40.17. Ðàâíîìåðíî ñõîäèòñÿ ïðè x∈(−∞, 0].
40.18. Ðàâíîìåðíî ñõîäèòñÿ ïðè (−∞,+∞).

41. Ñòåïåííûå ðÿäû

41.1. Ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïðè x∈ [−1, 3]. 41.2. Ñõî-
äèòñÿ àáñîëþòíî è ðàâíîìåðíî ïðè x∈ [−3, 1]. 41.3. Ñõîäèòñÿ àáñîëþòíî
ïðè x∈(−3,−1); ñõîäèòñÿ ðàâíîìåðíî ïðè x∈ [−3,−1]; â òî÷êàõ x=−3 è

x=−1 ñõîäèòñÿ óñëîâíî. 41.4. Ñõîäèòñÿ àáñîëþòíî ïðè x∈
(
7

2
,
9

2

)
; ñõî-

äèòñÿ ðàâíîìåðíî ïðè x∈
[
7

2
+δ,

9

2

]
; â òî÷êå x=

9

2
ñõîäèòñÿ óñëîâíî, â òî÷-

êå x=
7

2
ðàñõîäèòñÿ. 41.5. Ñõîäèòñÿ àáñîëþòíî ïðè x∈(3−

√
3, 3+

√
3);
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ñõîäèòñÿ ðàâíîìåðíî ïðè x∈ [3−
√
3, 3+

√
3]; â òî÷êàõ x=3±

√
3 ñõîäèòñÿ

óñëîâíî. 41.6. Ñõîäèòñÿ àáñîëþòíî ïðè x∈(−1, 1); ñõîäèòñÿ ðàâíîìåðíî
ïðè x∈ [−1+ δ, 1− δ]; â òî÷êàõ x=±1 ðàñõîäèòñÿ. 41.7. Ñõîäèòñÿ àáñî-
ëþòíî ïðè x∈(−7, 9); ñõîäèòñÿ ðàâíîìåðíî ïðè x∈ [−7+ δ, 9− δ]; â òî÷-
êàõ x=−7 è x=9 ðàñõîäèòñÿ. 41.8. Ñõîäèòñÿ àáñîëþòíî ïðè (−∞,+∞);
ñõîäèòñÿ ðàâíîìåðíî ïðè x∈ [−R,+R] ∀R>0. 41.9. Ñõîäèòñÿ àáñîëþòíî
ïðè x∈(0, 2); ñõîäèòñÿ ðàâíîìåðíî ïðè x∈ [δ, 2− δ]; â òî÷êàõ x=0 è x=2

ðàñõîäèòñÿ. 41.10. Ñõîäèòñÿ àáñîëþòíî ïðè x∈(3−
√
3, 3+

√
3); ñõîäèòñÿ

ðàâíîìåðíî ïðè x∈ [3−
√
3+ δ, 3+

√
3− δ]; â òî÷êàõ x=3±

√
3 ðàñõîäèò-

ñÿ. 41.11. Ñõîäèòñÿ àáñîëþòíî ïðè x∈(−1, 7); ñõîäèòñÿ ðàâíîìåðíî ïðè
x∈ [−1+ δ, 7]; â òî÷êå x=7 ñõîäèòñÿ óñëîâíî, â òî÷êå x=−1 ðàñõîäèòñÿ.
41.12. Ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïðè x∈ [−2, 2]. 41.13. Ñõîäèòñÿ
àáñîëþòíî ïðè x∈(−2, 2); ñõîäèòñÿ ðàâíîìåðíî ïðè x∈ [−2+δ, 2]; â òî÷êå
x=−2 ðàñõîäèòñÿ, â òî÷êå x=2 ñõîäèòñÿ óñëîâíî. 41.14. Ñõîäèòñÿ àá-

ñîëþòíî ïðè x∈
(
−5

4
,
13

4

)
; ñõîäèòñÿ ðàâíîìåðíî ïðè x∈

[
−5

4
+δ,

13

4
−δ
]
;

â òî÷êàõ x=−5

4
è x=

13

4
ðàñõîäèòñÿ. 41.15. Ñõîäèòñÿ àáñîëþòíî è ðàâ-

íîìåðíî ïðè x∈
[
3− 1√

2
, 3+

1√
2

]
. 41.16. Ñõîäèòñÿ àáñîëþòíî è ðàâíî-

ìåðíî ïðè x∈ [−4,−2]. 41.17. Ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïðè

x∈ [3−
√
2, 3+

√
2]. 41.18. Ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïðè x∈ [−1, 1].

42. Ðàçëîæåíèå ôóíêöèé â ðÿä Òåéëîðà è Ìàêëîðåíà

42.1. f(x)=x+
2

3!
x3 +

16

5!
x5 + . . .. 42.2. f(x)=1+

1

2!
x2 +

5

4!
x4 + . . ..

42.3. f(x)=x− 2

3!
x3 +

16

5!
x5 + . . .. 42.4. f(x)=1+ x− 2

3!
x3 − 4

4!
x4 + . . ..

42.5. f(x)=
1

2

∞∑
n=1

(−1)n+1 (2x)
2n

(2n)!
. 42.6. f(x)=

∞∑
n=0

(−1)n
x2n+1

4n+1
.

42.7. f(x)=5
∞∑

n=0
(−1)n

xn

2n+1
. 42.8. f(x)=2

∞∑
n=0

(n+1)xn. 42.9. f(x)=

∞∑
n=0

7n+1

2n+2
xn. 42.10. f(x)=

∞∑
n=0

(−1)n
4nxn+1

3n+1
. 42.11. f(x)=

1

3
+

∞∑
n=1

(−1)n
(2n−1)!!

(2n)!!32n+1
x2n. 42.12. f(x)=

√
2

(
1− x

4
−

∞∑
n=2

(2n−3)!!

(2n)!!2n
xn
)
.

42.13. f(x)=
∞∑

n=0

( 5

2n+1
− 7

3n+1

)
xn. 42.14. f(x)=

∞∑
n=0

(
1 +
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(−1)n2n+1
)
xn. 42.15. f(x)=

∞∑
n=0

(−1)n
2n−1(n+2)

n!
xn. 42.16. f(x)=

∞∑
n=0

(−1)n
24n+1

(2n+1)!
x2n+1. 42.17. f(x)=ln

2

3
+

∞∑
n=1

(−1)n+1
( 1

2n
− 1

3n

)xn
n
.

42.18. f(x)=ln 2+
∞∑

n=1
(−1)n+1

(
1+

1

2n

)xn
n
. 42.19. f(x)=

∞∑
n=0

(−1)n
x2n+1

2n+1
.

42.20. f(x)=x+
∞∑

n=1

(2n−1)!!

(2n)!!

x2n+1

2n+1
. 42.21. f(x)=

∞∑
n=0

(−1)n
x2n+1

2nn!(2n+1)
.

42.22. f(x)=
∞∑

n=0
(−1)n

x4n+2

2(2n+1)!(2n+1)
. 42.23. f(x)=

∞∑
n=0

(−1)n+1(x−2)n.

42.24. f(x)=−
∞∑

n=0

(x−3)2n

4n+1
. 42.25. f(x)=

∞∑
n=0

( 1

2n+1
− 1

3n+1

)
(x+ 4)n.

42.26. f(x)=
1

2

(
1 +

∞∑
n=1

(−1)n
(2n−1)!!

(2n)!!

(x−2)n

4n

)
. 42.27. f(x)=

3 ln 2 +
∞∑

n=1
(−1)n+1 5

n(x−1)n

8nn
. 42.28. f(x)=ln 4 +

∞∑
n=1

(−1)n+1 (x+3)2n

4nn
.

42.29. |x|<1;
2

(1−x)3
. 42.30. |x+1|<1;

x+1

x2
. 42.31. |x|<2;

1

4+x2
.

42.32. |x−3|<1; − ln(4−x)
x−3

ïðè x ̸=3, 0 ïðè x=3. 42.33. |x|<1;
1

(1+x2)2
.

42.34. |x|<∞; (1+x)ex.

43. Ïðèìåíåíèå ñòåïåííûõ ðÿäîâ

43.1. 10000 ïðè x=1 èëè 10 ïðè x=−0, 5. 43.2. 2 ÷ëå-

íà, ïðåäåëüíàÿ àáñîëþòíàÿ ïîãðåøíîñòü ε<
1

24

( π
18

)4
=0, 0000386<

0, 0001. 43.3.
∞∑

n=1
(−1)n+1 x

2n

2n2
. 43.4.

∞∑
n=0

(−1)n
x2n+1

(2n+1)!(4n+3)
.

43.5.
∞∑

n=0
(−1)n

x4n+1

(2n)!(4n+1)
. 43.6.

∞∑
n=0

(−1)n
(2n+1)!!x3n+1

2nn!(3n+1)
.

43.7. 0, 2800. 43.8. 0, 1991. 43.13. ln 2. 43.14. e − 1.

43.15.
1

2
ln 2. 43.16. sin 1. 43.17. cos

√
3

3
. 43.18. e2.

43.19. y(x)=1+
∞∑

n=0

2 ·3 ·6 ·7 . . . (4n+2)(4n+3)

(4n+5)!
x4n+5. 43.20. y(x)=1+

∞∑
n=0

(
1 ·2 ·5 ·6 . . . (4n+1)(4n+2)

(4n+4)!
x4n+4 +

2 ·3 ·6 ·7 . . . (4n+2)(4n+3)

(4n+5)!
x4n+5

)
.
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43.21. y(x)=1 + 2x − x2

2
− 5x3

3
− 3x4

4
+ . . .. 43.22. y(x)=

1 + x − x3

3
− x4

6
+
x6

45
+ . . .. 43.23. y(x)=

∞∑
n=1

(−1)n+1

2nn!
x2n=1 − e−

x2

2 .

43.24. y(x)=
∞∑

n=1

2n−1(n−1)!

(2n+1)!
x2n+1.
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